ON THE A-COTORSION SUBGROUP OF THE SELMER GROUP

AHMED MATAR

ABSTRACT. Let E be an elliptic curve defined over a number field K with
supersingular reduction at all primes of K above p. If Ko /K is a Zp-extension
such that E(Koo)[p™] is finite and H?(Gs(K), E[p™]) = 0, then we prove
that the A-torsion subgroup of the Pontryagin dual of Selyoc (E/K o) is pseudo-
isomorphic to the Pontryagin dual of the fine Selmer group of F over Ko,. This
is the Galois-cohomological analog of a flat-cohomological result of Wingberg.

1. INTRODUCTION

If A is a Hausdorff, abelian locally-compact topological group we denote its
Pontryagin dual by A*. Let I" be a pro-p group isomorphic to Z, and let A = Z,[[I']]
be the completed group ring. If A is a finitely generated A-module, we let Th (A)
denote its A-torsion submodule. Also we let A be the A-module A with the inverse
A-action: v-a =~y"'a for a € A,y € I'. We denote TA(A) by TA(A).

We now define the p>°-Selmer group and the fine p>-Selmer group. Assume that
p is a prime, F' a number field and E is an elliptic curve defined over F. Let S
be a finite set of primes of F' containing all the primes dividing p, all the primes
where E has bad reduction and all the archimedean primes. We let Fg be the
maximal extension of F' unramified outside S. Suppose now that L is a field with
F CLCFs. Welet Gg(L) = Gal(Fs/L) and Sy, be the set of primes of L above
those in S. We define the p>°-Selmer group of F/L as

0 — Sely~ (E/L) — H'(Gs(L), E[p™]) — [[ H' (L, E)[p™]
veESL
Also we define the fine p*°-Selmer group of E/L as

0 — Ry (E/L) — H'(Gs(L), Ep™]) — [] H'(Lv, Ep™])
vESL
The goal of this paper is to prove the following result

Theorem 1.1. Let K be a number field, E an elliptic curve defined over K and p
a rational prime such that E has good supersingular reduction at all primes of K
above p. Let Ko /K be a Z,-extension such that every prime of K above p ramifies
and such that: (i) E(K)[p™] is finite (ii) H*(Gs(Kw), E[p™]) = 0. Then there
exists a pseudo-isomorphism

Ta(Selye (B/Kuo)*) ~ Ry (E/Koo)*

Concerning the conditions in the theorem, condition (i) is a mild one (see pro-
position 1.2 below) whereas condition (ii) implies that Rpe(E/Ko)* is A-torsion
(see theorem 2.2).
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The theorem shows a nice relationship between the structures of the Selmer and
fine Selmer group that is not at all clear exists from the definitions of these groups.
The Selmer group in the supersingular case is difficult to deal with mainly due to
the lack of a control theorem. The above theorem, we hope, will help us understand
the structure of the Selmer group by proving results about the fine Selmer group
which is more approachable.

Let p be a fixed odd prime. If K is a number field, we let K¢ be the cyclotomic
Zy-extension of K and if K is an imaginary quadratic field, we let K% be the
anticyclotomic Z,-extension of K. Coates and Sujatha ([5] conjecture A) and the
author ([14] conjecture B) have conjectured when K, = K (respectively Ko, =
K% that Ry (E/Ko)* is a finitely generated Z,-module. This is equivalent to
Ry (E/Ks)* being a A-torsion module with p-invariant zero. Taking into account
theorem 2.2, the above theorem then predicts that Selp (E/Ks)* has p-invariant
zero when F has supersingular reduction at primes of K above p.

Using the results of Wuthrich [27], one can in some cases prove results on the
structure of Ry (E/Ks)* and hence by the above theorem (if it’s conditions are
met) give results on Th(Selpe (E/Ko)*). To illustrate this, consider the curve
E = Xo(11) : 42> + y = 2% — 22 — 102 — 20. This curve has supersingular reduction
at p = 29. Let Q°¥° be the cyclotomic Zgg-extension of Q. Wuthrich ([27] prop. 9.3)
has shown that R, (E/Q°) is finite. This together with theorem 2.2 guarantees
that condition (ii) of theorem 1.1 is satisfied. Also by proposition 1.2 condition (i)
is satisfied since for example E does not have CM. It follows from theorem 1.1 that
TA(Selye- (E/Q¥°)*) is finite.

We give one more example. Let K = Q(y/—7) and K.,/K the anticyclotomic
Zsg-extension of K. By using Wuthrich’s work, the author has shown ([14] sec 4)
that Rye(E/Ko)* is A-torsion with p = 0. Hence by theorem 1.1 Sel,ec (E/Ko)*
has p = 0.

Wingberg ([24] corollary 2.5) has proven a similar result to theorem 1.1 stated in
terms of flat cohomology rather than Galois cohomology. Although it may appear
that the above theorem follows from Wingberg’s result, the author has found dif-
ficulties in attempting such a deduction in the case when a prime v of K where F
has bad reduction splits completely in K,/K. The following argument illustrates
the potential obstacles. Let E' and K be as in the theorem and let £ be the Néron
model of E over Ok.

To attempt to deduce the above theorem from Wingberg’s result, one would hope
to show that Sely (E/Kx)* and H'(Ow, E[p™])* are pseudo-isomorphic (where
Oo is the ring of integers of K ). In hope of showing the existence of such a
pseudo-isomorphism, one may use the results of Cesnavi¢ius’s paper [3] as they
are relevant. Assuming that no prime v of K where E has bad reduction splits
completely in K, /K, the proof of [3] prop. 5.4 together with [3] prop. 2.5 show
that the difference between the groups Sel,~(E/K,) and H'(Ok, ,E[p™]) is finite
and bounded with n. This proves that Selye~(E/Ko)* and H'(Ox, E[p™])* are
pseudo-isomorphic in this case. However in the case when a prime v of K where F
has bad reduction splits completely in K, /K, this argument can fail and hence it
is unclear that a pseudo-isomorphism exists in this case.

Also in order to invoke Wingberg’s theorem, one needs the A-module
H?(Ou, E[p™])* to be torsion. If no prime v of K where E has bad reduction
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splits completely in K. /K, then assuming H2(Gs(K ), E[p™]) = 0 one can de-
duce the fact that H?(Oy, E[p>])* is A-torsion from [9] prop. 3, prop. 2.3 below,
[21] sec3 corollary 5 and Cesnavicius’s results referred to above. However such a
deduction can fail when a prime v of K where E has bad reduction splits completely
in Koo /K.

The above arguments illustrate the difficulties in attempting to deduce theorem
1.1 from Wingberg’s result. Everything is done in this paper with Galois cohomo-
logy. Our method of proof generally follows Wingberg’s with major differences being
that all exact sequences arising from the spectral sequences of Schneider [20] are
replaced with sequences arising from the snake lemma together with the Kummer
sequence. The other difference is that the Artin-Mazur duality of flat cohomology
groups is replaced with the Poitou-Tate duality of Galois cohomology groups.

The following proposition shows that condition (i) in theorem 1.1 is a mild one.
As the proposition shows, all elliptic curves without complex multiplication satisfy
condition (i) in the theorem. For elliptic curves with complex multiplication a
slightly weaker version of theorem 1.1 is given in [1].

Proposition 1.2. With the setup and conditions in theorem 1.1, we have that
E(Ko)[p™] is finite in the following cases:

(1) E does not have complex multiplication

(2) Koo/K is the cyclotomic Z,-extension of K

(8) p is odd and splits in K/Q

Proof. (i) Suppose that E does not have complex multiplication. By a theorem
of Serre [22] this implies that Gal(K (E[p>])/K) is an open subgroup of GL2(Z,).
Suppose that E(K)[p™] is infinite. Then either E(K)[p®] has Z,-corank one
or E[p™] is rational over K. In the first case V,(E) = T,(EF) ®z, Q, has a one-
dimensional Gal(K /K )-invariant subspace. This clearly contradicts Serre’s the-
orem. In the second case K (F[p>])/K is a subextension of K.,/K and hence must
be an abelian extension. This also contradicts Serre’s theorem.

(ii) Follows from Ribet’s theorem [19]

(iii) Suppose thet p is odd and splits in K/Q. Choose a prime v of K above
p. Since E has supersingular reduction at v, we have E(K,)[p™] = E(Q,)[p™>] =
EA(pr)[poo] where E is the formal group of E/Q,. By [23] ch. 4 th. 6.1 E(pr) has
no p-torsion if p is odd so E(K,,)[p>°] = {0}. Therefore E(K)[p>]' = E(K)[p™] =
{0} which implies that FE(K)[p>] = {0}. d

2. PROOF OF THEOREM

Theorem 1.1 will be proven in this section. The proof will be broken up into a
number of propositions. We keep all the definitions and notation from the intro-
duction and furthermore denote I'*" by T',,.

Let A be a finitely generated A-module. We let T (A) and T),(A) be the A-torsion
submodule and Zp-torsion submodule of A respectively. Then define T)(A) :=
TA(A)/T,(A). As in the introduction, we use the notation 7_(A) = T_(A). We
have the following lemma of Wingberg ([24] lemma 1.1)

Lemma 2.1. Let A be a finitely generated A-module. Then we have pseudo-
isomorphisms
(i) Y (A* [pm)n ~ T, (A)

n,m
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(ii) Lim(A*[p™])r, ~ Tx(A)

(iii) Jm(A*/p™)r, ~0

n,m
where the inverse limits are taken with respect to multiplication-by-p resp. canonical
surjection and the norm map resp. canonical surjection.

Now let F' be a number field, S a finite set of primes of ' and B a finite Gg-
module whose order is only divisible by rational primes lying below primes in S.
Define B’ := Hom(B, 1) where p is the group of all roots of unity in C. We let
Fs be the maximal extension of F' unramified outside S. Suppose now that L is
a number field with ' C L C Fg. We let Gg(L) = Gal(Fs/L) and S be the set
of primes of L above those in S. Then we have the following perfect Poitou-Tate
duality pairing ([17] theorem 8.6.7)

11! (Gs(L), B') x II*(Gs(L), B) — Q/Z (1)

where IIT*(Gs(L), M) (M is any Gg-module) is defined to be the kernel of the
restriction map H*(Gg (L), M) — HvGSL H(L,,M). If L, /F is an infinite exten-
sion contained in Fg we define III*(Gg(Loo), M) = @mi(GS(L’)7M) where the
direct limit is taken over all intermediate finite extensions L'/L contained in L
with respect to the restriction maps.

Now if F is an elliptic curve defined over F', p a rational prime and S a finite set
of primes of F' containing all primes dividing p, then for any n > 0 the Weil pairing
together with the above pairing give a perfect pairing

(,): W (Gs(L), E[p"]) x W*(Gs(L), E[p"]) — Qp/Zy (2)

Now let L’ be a finite extension of L contained in Fg. The definition of this pairing
(see [17] theorem 8.6.7) shows that it is induced by the cup product. Therefore for
a € MY (Gs(L), E[p"]) and b € 1IT*(Gs(L), E[p"]) we have (cora,b) = (a,resb)
where cor : IT' (Gs(L'), E[p"]) — OI*(Gs(L), E[p™]) is the corestriction map and
res : III%(Gs(L), E[p"]) — HI*(Gs(L'), E[p"]) is the restriction map.

The following theorem is well-known (see for example [18] prop. 1.3.2). Using the
above pairing and a control theorem, we will present another proof of this theorem

Theorem 2.2. Let K be a number field, p a rational prime, K /K a Z,-extension
and E an elliptic curve defined over K. Let S be a finite set of primes of K
containing all the primes dividing p, all the primes where E has bad reduction
and all the archimedean primes. Then Ry~ (E/Kx)* is A-torsion if and only if
1 (Gs(Ks ), E[p™®])* is A-torsion. If p is odd, this statement is equivalent to
H*(Gs(Kx), E[p™]) = 0.

Proof. Suppose that p is odd. According to [9] prop. 4, H*(Gs(Kw), E[p™])
is a cofree A-module. ~We will now show that II*(Gs(Ks),E[p™®]) =
H?(Gs(Kw), E[p™]). This together with the result just mentioned will show that
the second statement of the theorem will follow from the first. Let w be a prime of
K above a prime v is S. We will show that H?(Ks v, E[p>]) = 0. This is true
for archimedean primes w since p is odd.
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Now assume that w is nonarchimedean. @~ We consider two cases. First
we consider the case where v splits completely in K. /K. In this case we
have H?(Ky v, E[p>®]) = H?*(K,, E[p>®]). By Tate local duality this group
is dual to T,(E(K,)[p>]) (the p-adic Tate module of E(K,)[p>]) and hence
H?(Koow, E[p™]) = 0 since E(K,)[p™] is finite. Now consider the case where
v does not split completely in K.,/K. In this case, the extension K ., /K, is
an infinite pro-p extension. Hence by [17] theorem 7.1.8(i) ¢dp(Koo,w) < 1. So
H?(K oo, E[p™®]) = 0 in this case also. This proves that IT1*(G4(K ), E[p™]) =
H?(Gs(Kw), E[p™]) as desired.

Now we prove the first statement. By the restriction-corestriction property of
the pairing (2), the Pontryagin dual of IIT*(Gs(K ), E[p™]) can be identified with
@ml(GS(Kn),E@m]) where K, is the fixed field of I',, and the inverse limit
is taken over m with regards to multiplication-by-p and over n with regards to
corestriction. Therefore we see that to prove the first statement, we must show
that rankA(l'gl T (G5(K,), E[p™])) = ranks (Rp~ (E/Kuo)*).

Consider the group lim Y (Gs(Ks), Ep™])[p™] L w(E/Kx)[p™]F "
where the inverse limit is taken over m with regards to multlphcatlon by-p and

over n with regards to the norm map. According to [17] prop. 5.5.10(i) this group
is a free A-module with rank equal to the the A-corank of Ry (E/K,). Therefore
it will suffice to show that

rank (i ITH (G5 (K, ), E[p™])) = ranka (Jim I (Gs(Koo), E[p™)"™) 3)

= rank (lim TIT" (G (Ko ), B [p™]™)  (4)

n,m

We first show the equality (4). For any m > 0 the snake lemma gives a long
exact sequence which we split into two short exact sequences below

0 — Mpm(E/Ky) — TN (Gs(Ks), E[p™]) — Dpm (E/Koo) — 0 (5)

0— Dp’”(E/KOO) - ml(GS(KOO)7E[pOO])[pm] - Cpm(E/KOO) (6)
where My (B/K) = E(Ku)[p)/p™ 1 T (Gs(Kox), Elp™), Dy (B/Koo) =
img (I (G5 (Koo, Elp™)) I (Gs(K ]) Ep>])[p™]) and Cm(E/K ) =

%
coker(E(Koo)[p™=]/p™ — @D E(Koow)[p™]/p™). Ss being the primes of K
WESeo

above those in S.
For any n > 0, the sequence (5) induces another sequence

0= My (B/Koo)'™ = I (Gs(Koc), Ep™)'™ = Dy (E/ Koo)' = Mpn (E/Koo)r,

We claim that all the groups in this exact sequence are finite.  Since
E(K)[p™]/p™ is finite, therefore the first and last terms of the sequence are
finite. So we only have to show that the third term is finite. This will follow if we
show that IIT* (Gs (K ), E[p>])[p™]"™ is finite. The finiteness of this group is easily
seen by taking Pontryagin duals and noting that III' (G (K ), E[p™])* is a finitely
generated A-module (III'(Gs (Ko ), E[p™®]) C Selye (F/Ks) and Sel,=(E/Ky)*
is a finitely generated A-module by [12] theorem 4.5). Therefore we have seen that
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all the groups in the above exact sequence are finite and so by taking inverse limits
the sequence remains exact

0 = i My (B/Koe)™ = Jim L1 G (K, B9
— lim D o (B /K o) %]LM m(E/Kso)r,

n,m

The groups E(K)[p™]/p™ are finite of bounded order as m varies whence the
groups Mym (E/Kx)' and Mym(E/Kx)r, are finite of bounded order as n and
m vary. It follows that the first and last inverse limits in the above sequence are
finite.

Therefore the map

lim LT (Gs(K o), Ep™)™ — lim Dy (B/Ko) ™

has finite kernel and cokernel which shows that

rankAQiLn ' (Gs(Ks ), Ep™)) = rankAQiLn Dy (E/Ko)'™)

,m ,m

3
3

From this and the sequence (6), we see that in order to show the
equality (4) we only have to show that lim Cpm (E/Ks)'™ is A-torsion.

n,m

That the group L m(E/Ky)'™ is A-torsion follows from the facts that

ILD( D E( oow)[Poo}/P In and L )[P>®]/p™)r, are A-torsion from

n,m WESeo
lemma 2.1. Therefore we have estabhshed the equality (4).

We now prove the equality (3) by means of a control theorem. We de-
note lim [T (Gs(Ky), B[p™]) by Xpe(E/Koo) and lm I (Gs(Ko ), E[p™])™ by
Yoo (E /Ks). In order to prove the equality (3), it s:ufﬁces to show that the map
Z: Xpeo(E/Ko) = Ypeo (E/Ko) induced by restriction has A-torsion kernel and
cokernel. We do this by means of a control theorem. Consider the following com-
mutative diagram

m

0 —— (G (Koo), E[p™])" —— H (Gs(Koo), Bp™)"™ " @ H' (Ko E[p™))"

WESoo
wsn,m Whnym Wgn,m

wn,?n
0 —— I (Gs(Kn), Ep™]) ——— H'(Gs(Ky), E[p™)
vES,
(7)
In the commutative diagram above the sets .S,, and S, are the sets of primes above
S in K, and K, respectively and the vertical maps are restriction. Taking inverse
limits over n and m in the above, we get another commutative diagram

@ H' (Knw, Ep™])
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00— Y, (B/Kx) — @Hl(GS(KW),E[pm])F" — lim HY (Koo, E[p™])T"

n,m n,m WESso

00— Xpo(B/Ks) — T&nHl(GS(Kn),E[pm]) —_— @1 @ HY K., E[p™])

n,m n,m VESn

From the snake lemma, we see that in order to show that coker = is A-torsion, we
only have to show that both ker =" and coker 2’ are A-torsion. Since c¢d,(I') = 1,
therefore it follows that coker 2 = 0. Now we deal with ker Z”. Primes in S that
split completely in K.,/K do not contribute anything to ker =’ so we may assume
that S has no such primes.

Now choose an M such that #Sy; = #S. and let m = #5S),. For every n > M
we label the primes in S,, as v1,vs,...,v,, and the primes of S, as w1, wa, ..., Wyy,.
We choose a labelling such that if £ > j > M then w; € Sy lies above v; € S, lies
above v; € S;. With this labelling we have

m

ker 2" = @@ @ Hl(Gal(Koo,wi/Kn,vi)aE(Koo’wi)[pm])
i=1 m n>M

where the inverse limit is taken over n with respect to the corestriction maps and
over m with respect to multiplication-by-p.

For any n > M and any ¢ we have Gal(Ko v, /Knw;) = I'n, therefore if g
is a topological generator of I' we have H(Gal(K oo w;/Kn,;)s BE(Koow,;)[P™]) =
E(Keow)[P™/ (""" — )E(Keow,)[p™- For sufficiently large n we have
E(Ko)l0"] = E(Knu)P™), so (97 — DE(Kuow)P™ = {0} ie
HYGal(Koow; /Knw;)s E(Koow;)[P"]) = E(Koow,)[p™]- For such sufficiently
large n' > m > M one can check that the corestriction map from
Hl(Gal(Koo’wi/Kn’,vi)aE(KOO,wi)meD to Hl(Gal(Koo’wi/Kn,vi)vE(Koo,wi)[pm])
is the identity map on FE(Keow,)[P™]- This shows that kerZ” =
D", T, (E(Keow;)) (Where T,,(E(Ko ;) means the Tate module of E(Kq ;).
It follows that ker 2" is A-torsion as desired. A similar proof shows that ker Z’ is
A-torsion, whence ker = is A-torsion. This completes the proof of the equality (3)
thereby finally finishing the proof of the theorem. O

Throughout the rest of the section let K be a number field, E an elliptic curve
defined over K and p a rational prime such that E has good supersingular reduc-
tion at all primes of K above p. Let K /K be a Zjy-extension such that every
prime of K above p ramifies. We will assume that (i) F(K)[p>] is finite and (ii)
H?(Gs(Ks), E[p™®]) = {0}. Finally we let S,, and S, be the set of primes of K,
and K, above the primes in S, respectively.

The first key result is

Proposition 2.3. For any prime w of Ko, above p we have H' (Koo 1, E)[p™] =0

Proof. Let v be the prime of S below w. Since by assumption v ramifies in Ko /K
therefore the extension Ko, /K, is deeply ramified in the sense of [4]. Therefore
the result follows as explained in [8] pg. 70. O
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Now we need
Proposition 2.4. The map H'(Gs(Kw), Ep™]) 2= @ H'(Ksow, E)[p™] is
surjective

Proof. To understand coker ¢, we use the Cassels-Poitou-Tate exact sequence [6].
First for any n and m we define Sel,m (E/K, ) as

0 — Selym (E/K,,) — H'(Gs(Ky,), Ep™) — [[ H' (Kno, B)p™]
vESy,

Then for any n > 0 the Cassels-Poitou-Tate exact sequence is

H(Gs(Ky), Ep™]) 2% @ B (Ky v, B)p™] = 6(E/K,)* = HX(Gs(K,), E[p™))
VESy,

where €(E/K,,) = lim Sel,m (E/K,) C HY(Gs(K,),T,(E)) (inverse limit with re-

m
spect to multiplication-by-p).
Taking the direct limit of the above sequence with respect to restriction over n
we get

HY(Gs(Kx), Ep™]) Y= @ H (Kuouws B)p™] = 6(B/Kw)" = HX(Gs(Kwx), Ep™))
WES o

where 6(F /Ko ) = L m Sel,m (E/K,,) C @Hl(GS(Kn),Tp(E)) (inverse limit over

n with regards to COI‘eth‘lCthH and over m with regards to multiplication-by-p).

By assumption, we have H?(Gg(Kw), E[p™®]) = {0} and so we see from the
above sequence that coker s, is isomorphic to G(E/K)*. We will show that
coker 1, = 0 by showing that the Pontryagin dual of coker ¢, is A-torsion while
S(E/K) is A-torsion-free.

First we show that coker ¢, is A-cotorsion. We will also prove that it is cofinitely
generated over A since we will need this fact later. We do this by actually showing
that J := @ H'(Koow, E)[p™] is cofinitely generated cotorsion over A. Note

wWES oo
that by proposition 2.3 we may (and will) assume that S, contains no primes
above p. We will also assume that S, contains no complex archimedean primes
since they contribute nothing to the group J. Write So = TWUT’ where T is the
set of all the primes of K, above those primes of S that do not split completely
in Koo/K and T’ is its complement containing all primes of S, that lie above a
prime of K that splits completely in Ko, /K. Let Jp := @ H'(Koow, E)[p™] and
weT
Jri= @ HY(Koow, E)[p™] so that J = Jp x Jr.. For any w € T by [9] prop. 2
weT’
HY (Koo, E[p™]) is a cofinitely generated Z,-module and hence the same is true
for H (K w, E)[p™] as this group is a quotient of H' (Koo, E[p™]). Therefore
Jr is a cofinitely generated Z,-module.
Now we deal with Jp/. Let S’ be the set of primes of K that split completely
in K,/K. For any such prime v € S’ we let J, := @H" (Koo w, F)[p™] where
wlv
the sum runs over all primes of K, above v. Clearly Jr» = € J,. By Shapiro’s
veS’
lemma, for any v € ', we have JI = H'(K,, E)[p*>]. If v is archimedean, then
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HY(K,,E) is finite (see [10] prop. 1.3). If v is non-archimedean, then by Tate
duality for abelian varieties over local fields ([16] 1-3.4): H'(K,, E)* = E(K,) so
HY(K,, E)p™]* = lim E(K,)/p".

By Mattuck’s theorem F(K,) = ZZ[K”:QZ] x T where | # p is the characteristic of
the residue field of K, and T'is a finite group. It follows that lim E(K,)/p™ is the
finite p-primary subgroup of E(K,). So H'(K,, E) is finite in the non-archimedean
case also. This proves that J. = H'(K,, E)[p™] is finite which shows that Jz
is cofinitely generated over A. Also for any w € T we have H' (Koo, E)[p™] =
HY(K,, E)[p>] where v is the prime of K below w and by what we just showed this
is a finite group. All together this shows that Jp is a cofinitely generated A-module
that is annihilated by some power of p.

Thus we have shown that J = A x B (decomposition as cofinitely generated A-
modules) where A is a cofinitely generated Z,-module and B is a torsion Z,-module
that is annihilated by some power of p. This shows that J* is a finitely generated
A-torsion module and hence the same is true of coker 1.

Now we prove that 6(E/K) is A-torsion-free. First consider the groups Y’ :=
Jim Selpm (E/Ko)'™ and the group Y := Jim Selee (E/K.o)[p™]'». We claim that
Y’ injects into Y. To see this, note that the natural map from Sel,m(E/K) to
Selyes (E/Ko)[p™] has kernel E(K)[p™]/p™. This map induces a map from Y’ to
Y with kernel Z := @(E(Km)@w]/pm)F’L. Since the groups E(K)[p™]/p™ are

finite and bounded as m varies therefore Z = 0 (for large enough n I';, acts trivially
on E(K)[p™]/p™ and hence the norm maps in the inverse limit eventually become
multiplication-by-p). So we see that in fact Y’ injects into Y. By [17] prop 5.5.10
Y is a free A-module. This implies that Y’ is A-torsion-free. Now consider the
commutative diagram with vertical maps induced by restriction

Y lim H' (G5 (Ks0), E[p™))"

n,m

: %/

S(E/Kx) — @Hl(GS(Kn)vE[me

n,m

Since Y is A-torsion-free, therefore to show that G(E/K ) is A-torsion-free, it will
suffice to show that the map = is an injection. From the commutative diagram this
will be shown once we show that Z’ is an injection. We have

ker = = @@Hl(rn; E(K)[p™])

n m

Since by assumption E(K.)[p*°] is finite, it follows that for any n > 0 that
@Hl (Th, E(Koo)[p™]) = 0 and hence ker 2’ = 0. This completes the proof. O

The next 2 lemmas are the most important ingredients in our proof

Lemma 2.5. We have a pseudo-isomorphism

li HIQ(GS<KOO>7E[pm])Fn ~ Tu(selpOO (E/Kx))

n?

18

3
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Proof. The exact Kummer sequences

0—>E[pm]—>Ep—m>E—>0 (9)
and
0— E[p™] = E[p™] 2= E[p>] = 0 (10)

yield a commutative diagram

0——p" @ H'(Koow, E)p™] —— @ H'(Koo,u, B)p™]—— @ H*(Koow, Ep™))
wWESs wWESs wWESs

w I I

0 —— p"HY (Gs(Ky), E[p*]) ——— HY(Gs(Kw), E[p™®]) ——— H*(Gs(Kw), E[p™]) —— 0
(11)

where the 0 at the right of the lower sequence is because H?(Gs(K ), E[p™]) = 0.

Since ker ¢’ = Selp (E/K ), ker ¢ = HIQ(GS(KOO), E[p™]) and % is surjective by

proposition 2.4, therefore by the snake lemma we get the following exact sequence

0 — kery) — Selye (F/Ko) — IT*(Gs(Ko), EP™]) — 0 (12)

Now consider the following commutative diagram

m

0— D Hl(Koo,w,E)[pm]*) ) Hl(Koo,va)[poo]L’pm ) Hl(Koo,waE)[poo]

WES o WE S0 WES o
Tqu Tw’ Tw
HY(Gs(Koo), Elp™]) ——— H'(Gs(Kx), B[p™]) ——— p™ H'(Gs(Koo), E[p™]) —— 0
(13)
Since ker ¢’ = Sel,~(E/Ko) and ¥’ is surjective by proposition 2.4, therefore by
the snake lemma we get an exact sequence
0 — p"Selyeo (E/ Ko ) — ker 1 — coker ¢,,, = 0 (14)
This sequence in turn gives the following exact sequence
0 — coker ¢,,, — Selyoo (E/Koo)/p™ — Selpe (E/Ko)/ keryp — 0 (15)
From the sequences (12) and (15) we get the following exact sequence
0 — coker ¢, — Selye (E/Koo)/p™ — MI*(Gs(Kw), E[p™]) — 0 (16)
For any n > 0 this sequence induces another exact sequence
0 — (coker ¢,,)'" — (Sely (E/Koo) /p™) " — T (Gs(K o), Ep™)) (a7)
— (coker ¢um)r,,

We claim that each of the terms in this exact sequence is finite. Clearly it will suffice
to prove that the second term and fourth term are finite. Since Sel,e (E/K)* is a
finitely generated A-module (see [12] theorem 4.5), the finiteness of the second term
is easily seen by taking Pontryagin duals. Also in the proof of proposition 2.4 we

have shown that J := @ H'(Keow, E)[p™] is a cofinitely generated A-module
WES o
and hence by considering Pontryagin duals J[p™|r, is finite. Since J[p™]r, surjects

onto (coker ¢, )r,,, it follows that the fourth term is finite. Therefore we have seen
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that all the terms in the sequence (17) are finite so by taking inverse limits the
sequence remains exact

0 - (coker )™ — W (Sel e (/Koc)/p™)™ = i PG (K. By}
L coker ¢y, )1

(18)

By lemma 2.1(i) the second term in the above sequence is pseudo-isomorphic to

Ty, (Selyo (E/Ko)*). Therefore to prove the lemma it will suffice to show that the
first term and img 0 in the above sequence are both finite.

First we deal with img8. Consider the group J := @ H'(Koow, E)[p™]. By
wES

lemma 2.1(ii) I'&n(J[pm])pn ~ Tx(J*). Hence L is a finitely generated

Ty

Z,-module. Now £_ )r,, surjects onto L(coker ®m)r,, and so it follows that
n,m
Lin(coker Gm)r, 18 also a finitely generated Z,-module.
We now prove that the group lim I1%(G5(Ks), E[p™]) ™ is a torsion Z,-module.

Taking into account the fact that H?(Gs(Ks ), E[p™]) = 0, the Kummer sequence
(10) gives an isomorphism H'(Gs(Ky), E[p™])/p™ = H?(Gs(Ks), E[p™]). Com-
bining the injection I (Gs (K ), E[p™])™ < H?(Gs(Ks), E[p™]) with this iso-

morphism we get an injection

lim 111 (Gs (Koo ), Ep™))' = lim(H' (Gs(Koo), E[p™])/p™)"" (19)

nom nom
Lemma 2.1 shows that yLH(Hl(Gs(Koo% E[p™])/p™)' is a Z,-torsion module and

hence from the injection above the same is true for lim IT1*(Gs(Ko), E[p™]) .
n,m
Therefore img 0 is a Z,-torsion module. It is also a finitely generated Z,-module
since %iLn(coker ®m)r,, is finitely generated over Z, as shown above. This implies
n,m
that img 0 is finite as claimed.
We now deal with @(coker ém)'". We will actually show this group is trivial.

n

n,m

Let J:= @ HY(Kwuw, E)[p>]. In the proof of proposition 2.4 we have shown
WE S0

that J = A x B where A is a cofinitely generated Z,-module and B is a torsion

Zp-module that is annihilated by p' for some t. For any m > 0, coker ¢,, is the

quotient of J[p™] = A[p™] x B[p™]. Let o = (an,m) € @(coker ém)'™. Note that
n,m

the transition map on the first index is the norm map and on the second index

it is multiplication-by-p. For each (n,m) € Z>q x Z>1 choose a, ., € Alp™] and

bn.m € B[p™] such that a,, ,, is represented by (an m;bn,m)

Now let (n,m) € Z>o x Z>1. We will show that oy,,, = 0. Recall that
p' annihilates B. Consider (an m/,bn m’) where m’ = m +t. We claim that
(@t bpmr) = (0,0 for some b € B[p™'] (the congruence is modulo img ¢,,).
To see this, note that since A is cofinitely generated over Z,, therefore A[pml] is
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finite and hence is fixed by I',s for some n’ > n. Since for any n” > n’ we have
Trx,, /K, (Qn/m') = Qnr e and Ty acts trivially on A[p™'], therefore by consid-
ering large enough n” > n' we easily see that (an m/,bn m) = (0,0") for some
b € B[p™] and hence (@ s, bp.m/) = (0,8) for some b’ € B[p™ ] as claimed.
Now we have that p'a, m/ = @ m. Since (an ms, bnm) = (0,0') and p* annihil-
ates B, therefore we see that (an,m,bnm) = (0,0) i.e. anm = 0. This proves that
a = 0 thus showing that yLn(coker ¢m)t" is trivial. This completes the proof of the

n,m
lemma. O

We now define K, ,, to be the kernel of the map (induced by restriction)
Hl(GS(KOO)aE[pm])Fn _>( @ Hl(Koo,w»E[pm]))rn

WES o

Lemma 2.6. We have a pseudo-isomorphism

lim Ky ~ Th(Selp (E/Koo)")

Proof. The exact Kummer sequences

0= Ep™ - EXS E S0 (20)
and
0= E[p™ — Ep™] 25 Ep®] — 0 (21)

yield a commutative diagram

0—— gg E(Keow)/p™ — gg Hl(Koo,va[pm])*’ gg H'(K. souws B)[p"] ——— 0

Pﬁm Tw Tw:n

0 —— E(Ku)[p™]/p™ ——— H'(Gs(Kw), E[p™]) —— H'(Gs(Kw), E[p™])[p"] —— 0

(22)
Taking I',,-coinvariants we get
0—— Bum (@ H Koo, By, —— (@ H (Koo B)lp"))y, ——0
WES o WES o
}bn,m T/Jn,m w;,m
0 An.m HY(Gs(Kw), Elp™])r, —— H'(Gs(Kx), Ep®)[p"]r, —— 0
(23)

where A,, ,, is the image of the map

(BE(K)[p™¥]/p™)r, = H'(Gs(Kx), E[p"])r,
and B, , is the image of the map
(D E(Keo)/p™)r. = (D H' (Koo, Elp™))) 1.
WES o WES o
Applying the snake lemma to the diagram (23) we get an exact sequence

0 — ker ¢ m — Kpm — kerd, . — coker ¢y, (24)
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We claim that each of the terms in this exact sequence is finite. To simplify ar-
guments, we prove this fact subject to the condition that n > N where N > 0 is
an integer such that K. /Ky is totally ramified at all primes of K above p and
such that every prime of Ky above a prime in S that does not split completely
in K/Kp is inert in this extension. Clearly it will suffice to prove that the first,
third and fourth terms are finite. In what follows all inverse limits with indices
involving n will be taken over n > N

Since E(K s )[p>]/p™ is finite, therefore ker ¢,, », is finite. Moreover, the order of
E(K)[p™]/p™ is bounded as m varies. Hence the order of (E(K)[p™]/p™)r, is
bounded as n and m vary. This in turn shows that the order of ker ¢,, ,,, is bounded
as n and m vary. It follows that Y&lker ®n,m is finite. This last fact will be needed

n,m

later.

Now we show that coker¢, ,, is finite by showing that D(n,m) :=

( &b E(Koo’w)/p””‘)F is finite. We will also show that Y&lcoker ¢n.m is finite

WE S n,m
as we will need this later. We write Soo = Sp, U Seplit U Snsplit Where S, is the set of
primes of S, above p and Sgpii¢ is the set of primes in So, above those in S that
split completely in K./K. First we show that D,(n,m) = ( @ E(Ku,w)/p™)
weSy
is finite. Let w € S,. Note that by the condition on n, I';, acts on E(K .)/p™.
We let Tor(E(K s ,w) be the Z-torsion subgroup of E(K o ) and E(Koo w)Tor =
E(Koow)/Tor(E(Kxw)). We have an exact sequence

((Tor(E(Koo,w)))/P™)r, = (E(Koo,w)/P™)r, = (E(Koo,w)tor/P™)r, =0 (25)

Note that the Pontryagin dual of E(Ks .)[p™] is a finitely generated Z,[[I'n]]-
module. Since Tor(E(Ks,w))/p™ = E(Koso,w)[p™]/p™, therefore by considering
Pontryagin duals it follows that ((Tor(E(Koc,w)))/p™)r,, is finite. Also from lemma
2.1 it follows that @((Tor(E(Koom,)))/pm)p is finite.

n

'

Now we turn to the group (E(Koo,w)Tor/P™)1r,. Since E(Ksow)Tor IS torsion-
free, therefore it follows that (E(Koo,w)Tor @ Qp/Zyp)[p™] = E(Koo,w)Tor/P™. Also
note that E(Kec,w)Tor @ Qp/Zy = E(Koso ) @ Qp/Z,. These 2 facts show that

(B(Koo,w) ® Qp/Zp)[p™ D)1, = (E(Koo,w)tor/P" )1, (26)

Wingberg ([25] theorem 2.2) has shown that (E(Keow) @ Qp/Zy)* is pseudo-
isomorphic to a finitely generated free Z,[[I'ny]]-module. This together with the
equality (26) show that (E(Koo,w)Tor/P™)r, is finite. Using lemma 2.1 we also see
that @(E(Kw7w)Tor/pm)pn is finite. From the facts above and the exact sequence

n,m

(25) it follows that (E(Kecw)/P")r, is finite and that I'&n(E(KOQw)/pm)pn is fi-

n,m
nite. Thus we have shown that for any n > N,m > 1 that D,(n,m) is finite and
lim Dy (n,m) is also finite.
n,m
Now we turn to the group Dygpiit(n, m) 1= ( &b E(I{o<>7w)/17m)F . Let w €
WE Snsplit "

Shsplit- We claim that E(K ) ® Qp/Z, = 0. To see this, it will suffice to show
for any ¢t > 0 that F(K;.) ® Qp/Z, = 0. By Mattuck’s theorem E(K;,) =

ZEK“‘“:QL] x T where | # p is the characteristic of the residue field of K, and
T is a finite group. It follows from this that E(K;.) ® Qp/Z, = 0 and hence
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E(Koow) ® Qp/Z, = 0 as claimed. Then just as in the case of D,(n,m), we also
have Dpgpiis(n, m) is finite and @1 Dispiit(n, m) is also finite.

Finally we turn to the group Dgpii¢(n,m) := ( @ E(Koo,w)/pm)r . LetveS
wE Ssplit "
be a prime that splits completely in K, /K and define C), :== @ E(K oo 4)/p™ where

wlv

the sum runs over all primes of K., lying over v. We claim that H'(T',,,C,) =
(Cy)r, = 0. To simplify matters, we prove this for n = 0 (for arbitrary n the
proof is similar). The group C, is a direct limit of induced I'-modules and hence
by Shapiro’s lemma it follows that H(T,C,) = H ({1}, E(K,)/p™) = 0. Thus we
see that Dgpiit(n, m) = 0.

All in all, we see from the above for any n > N,m > 1 that D(n,m) is finite
and that @D(n,m) is also finite. It follows that coker ¢, ,, is finite and that

lim coker ¢, ,,, is also finite.
e

Finally we prove that kery ,, is finite. Since kervy,,, C
HY(Gs(Kw), E[p>=])[p™|r, we easily see that by taking Pontryagin duals
that it suffices to prove that H'(Gg(Kw), E[p™])* is a finitely generated A-
module. To show this last fact we have to show that H'(Gs(K), E[p™])"
is cofinitely generated over Z,. Since c¢d,(I') = 1, therefore we have a surjec-
tion HY(Gs(K),E[p>]) - H'(Gs(Ks), E[p®]) so it suffices to prove that
HY(Gs(K), E[p™]) is cofinitely generated over Z, i.e. we must show that
HYGs(K), E[p™])[p] is finite. But H'(Gs(K), E[p]) is finite (see [17] theorem
8.3.20) and this group surjects onto H'(Gg(K), E[p™])[p] so it indeed follows that
H'(Gs(K),E[p™]) is cofinitely generated over Z,. This proves that kerv, . is
finite.

We have now shown that each of the terms in the exact sequence (24) are finite
and so by taking inverse limits the sequence remains exact

0— l'glker Grm — @Kmm — l'glker z[;ihm — ]'gwoker Dnm (27)
n,m n,m n,m

n,m

We have shown above that l&l ker ¢y, ,, and 1&1 coker ¢, ,, are both finite so from

the exact sequence (27) we get a pseudo-isomorphism l'&nKn,m ~ I'&err ’(/J;L’m.

n,m n,m
Therefore to prove the lemma we only have to show that 1<i£1ker 1/’;L,m is pseudo-
n,m

isomorphic to Ty(Sely~ (F/K)*). To show this, first consider the exact sequence
1 oo Y 1
0 = Sely= (E/Koo) = H'(Gs(Kxo), Ep™]) = @ H' (Koo, E) =0 (28)
WE S0

The surjectivity of ¢’ is due to proposition 2.4. This exact sequence induces another
sequence
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0= Sely (B/Koo) [p™] = H'(Gs(Koc), Ep™))p™] 22 @D H' (Koo, B)p™]
WE S

Ly Sely (B/Koo) /p™

(29)

We break this sequence into 2 exact sequences

0 = Selpe (B/Ko)[p™] = HY (Gs(Kwo), E[p™))[p™] 2= imgeyl, =0 (30)

m

0 — imge, = @ H'(Koow, E)[p™] — img ), — 0 (31)
WE S
Taking I',,-coinvaraints of both these sequences we get

(img ¢,,)"" = Selyee (E/Koo)[p"]r, = H' (Gs(Ko), Ep™])[p™]r,,

Snm .
— (imgy,)r, — 0

(img )™ — (mgp)r, " (€D H (Koo, BE)p™)y, (33)
wWES oo
We claim the each of the terms in the sequences (32) and (33) is finite. First we
deal with (32): Let J := @ HY(Kwo.w, E)[p>®]. Then (img!, )" C J[pmt~. In
WE S
the proof of proposition 2.4 we proved that J is a cofinitely generated A-module.

It follows from this that J[p™]'" is finite and hence (img},)I™ is also finite. We
showed above that H'(Gs(K.), E[p™]) is a cofinitely generated A-module. It
follows that H'(Gs(Kw), E[p™])[p™]r, is finite. This proves that all the terms in
the sequence (32) are finite.

Now we deal with the sequence (33). We know that Sel,e (E/Ko,)* is a finitely
generated A-module (see [12] theorem 4.5) so it follows that (Sel,= (E/K)/p™)"
is finite. Since (img!, )" C (Sel,=(E/Ks)/p™) ", it follows that (img! )t is
also finite. Also since J is a cofinitely generated A-module, it follows that J[p™|r, =
(P H (Keow E) [pm])rn is finite. Therefore all the terms in the sequence (33)

WE S
are finite.

As all the terms in the sequence (32) and (33) are finite, therefore by taking
inverse limits the sequences remain exact

(32)

lim (img )™ — lim Sel, (B/Koo)[p™Ir, — lim H (Gs(Ku). Ep™) "],

n,m n,m

d . . ’
— lim(img 1)y, )r,, — 0

n,m

(34)

lim (img ¢/y,) " — Jim (img v/, )r, = lim ( QBH1 o E)P™)p - (35)

n,m n, n,m e

‘We have an exact sequence

0 — ker(®) — ker(© o @) 2, ker(©) (36)
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Note that ker(© o @) = Jim ker Yy.m- Therefore from the exact sequence, we see
n,m

that to prove the lemma, we only have to show that ker ® is pseudo-isomorphic to

T\ (Selp (E/Ks)*) and that ®(ker(© o ®)) is finite.

First we deal with ker ®. From lemma 2.1 lim Selp- (E/Ks)[p™]r, is pseudo-
isomorphic to T (Sely (F/Ku)*). Therefore from the exact sequence (34), to show
the existence of a pseudo-isomorphism ker @ ~ T (Selye (E/Koo)*), we see that it
will suffice to show that @(imgwjn)rn =0. Let J := @ H' (Keouw, E)p™].

WESeo
Then hm(lmgz// Wn C L J[p™'". According to [17] prop. 5.5.10 @J[pm}r

n m )
is a free A-module with the same rank as J*. In the proof of proposition 2.4 we

showed that J* is a torsion A-module. Therefore it follows that @ Jpmt =0

and hence also @(img ! )I'» = 0. This proves that ker ® is pseudo-isomorphic to
n,m

Tx(Sely (B/Ko)*).
Now we show that ®(ker(©o®)) is finite. First we show that this group is ﬁnitely
generated over Z,. Recall that we showed above that ker(© L keru)

pseudo-isomorphic to lim K, ,,. We have lim K, n, © L Hl(Gs( ) Ep™Dr,

TL’ITL TL’ITL

Therefore to show that ®(ker(© o ®@)) is finitely generated over Zy, it will suffice
to show that lim HY(Gs(Kwx), E[p™])r, is finitely generated over Z,. Consider the

n,m
bottom row of the commutative diagram (23)

(E(Kso)[p™]/p™)r, = H' (Gs(Ko), Elp™])r, = H'(Gs(Koo), Ep™])[p"]r, — 0

We showed above that all the terms in the above exact sequence are finite. Therefore
by taking inverse limits the sequence remains exact

lm(E (Ko )[p™]/p™)r, — lim H' (Gs(Ke), Ep™)r, — lim H'(Gs(Kx), Ep™]))p™r, — 0

n,m n,m n,m

Applying lemma 2.1 to the first and last terms of the above sequence, it follows
that @HI(GS(KW), E[p™])r, is in fact finitely generated over Z, as desired.

Now we show that O (ker(©o®)) is a Z,-torsion module. From the exact sequence
(36), this will follow if we can prove that ker © is a torsion Z,-module. From the
exact sequence (35), this will follow once we show that @(img Y ) has this
property. But @(img P C (Sely (B/Ko)/p™) ™ and so the desired result
follows from lemma 2.1.

Thus we have shown that ®(ker(©o®)) is a finitely generated torsion Z,-module.
It follows that this group is finite. This completes the proof of the lemma. O

Assume that we have a first quadrant spectral sequence E5' = E**t such that
Ey' =0 for all s > 1 and all ¢, then we have an exact sequence (see [17] lemma
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2.1.3 and [2] prop. XV-5.7)

0= By = B2 EY? =0

Now let n,m > 0. Since cdy(I'y,) = 1, therefore we can apply the above
result to the Hochschild-Serre spectral sequence H*(T',,, H/(Gs(K), E[p™])) =
Hs(Gs(K,), E[p™]) (where K, is the fixed field of T';,) to get an exact sequence

0= HY (Gs(Ku), Ep™)r. 1™ H2(Gs(K,), Ep™)) 2™ H2(Gs(Ko), E[pz”]);” -0
37

Lemma 2.7. For n’ > n we have a commutative diagram

n’,m

HY(Gs(Koo), Elp™))r,, 22 H(Gs (), Elp™)) —253 H? (G5 (Koo), Elp™))

canJ COI‘JV nOI‘mJV

HY(Gs(Koo), Bp™)r, 220y HA(Gs(K), Elp™]) —22% H2(Gg(Koo), E[p™))F»

where the maps can, cor and norm are the canonical projection, corestriction and
norm, respectively. Also for m' > m we have a commutative diagram

HY(Gs(Koo), Elp™ i, 22 H(Gs(K), E[p™]) ~225 H? (G5 (Koo), E[p™ )"

’_ 7 _ ’_
oy ] ]

HY(Gs(Koo), Elp™))r, 220 H2(G(K.), Elp™]) =225 HA(Gs (Koo ), Ep™))1™

where the vertical maps are induced by multiplication by pm/’m

Proof. From the formula for the corestriction map ([26] prop. 2.5.2) it is
easy to show that the corestriction map cor : H* (T, H(Gs(Kw), E[p™])) —
HY(T,,, H'(Gs(K), E[p™])) corresponds to the canonical projection can
HY(Gs(Kx), Ep™)r,, — HYGs(Kw),E[p™])r,. Also we know that the
corestriction map cor : H*(G5(Ky), E[p™])' — H?*(Gs(Kw), E[p™])F" is equal
to the norm map. Therefore we see that to show that the first diagram commutes,
it suffices to show the commutativity of the following diagram

HY(Dr, HY (G (o), Elp™)) 2225 H(Gs (Ko ), Elp™]) —223 H2(Gs(Koo), E[p™)) ™

COI'JV COTJ COI"J

HY (T, HY (G (Koo), Blp™) ~ H2 (G (Ko), Blp™) = B (G (Koc), E[p™))"
(38)

As in the proof of [17] theorem 2.4.1, the data (Gs(Ky/), 'y, E[p™]) determines

a double complex D(Gs(K,/), Ty, E[p™]). Similarly, we have a double complex

D(Gs(Ky,), Ty, E[p™]). By taking the column-wise filtrations of the total com-

plexes of these double complexes we obtain 2 Hochschild-Serre spectral sequences

SS(Gs(Kn), T, E[p™]) and SS(Gs(Ky),Tn, E[p™]) (see [15] theorem 2.15 and

[17] theorem 2.4.1). The obvious corestriction map on cochains induces a morphism
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of double complex cor : D(Gs(K, ), Ty, E[p™]) = D(Gs(Kp, Ty, E[p™]) which, in
turn, induces a morphism of spectral sequences cor : SS(Ggs(K,),Ty, E[p™]) —
SS(Gs(Kp, Ty, E[p™]) and their corresponding limit terms.

One checks using the definitions of f,, ,,, and gnm (see [2] prop. XV-5.7) that
these morphisms commute with the induced maps on the terms in the diagram
(38) and that these induced maps are actually corestriction. This proves that the
diagram (38) commutes and hence the first diagram in the statement of the lemma
commutes.

To show that the second diagram in the statement of the lemma commutes
one argues similar fashion using the map p™ ™ : D(Gs(K,),Tn, E[p™]) —
D(Gs(Ky), Ty, E[p™]) which is induced by multiplication by p™ ™

Alternatively, to show that the 2 diagrams commute, one can use the explicit
descriptions of f,, », and gy ,,: the map g, ,, is the restriction map (see [13] prop.
X1-10.2) whereas the map f, ), : img fpm — H'(Gs(Kx), E[p™])r, is described
in [7] (see also [11] theorem 2). O

Now let v be a prime of K,,, w a prime of K, above v and Iy, the de-
composition group of w in K. /K. We have a Hochschild-Serre spectral se-
quence H*(Tp o, H (Koo w, E[p™])) = H*T'(K,., E[p™]). We certainly have
cdp(Ty) =1 so as in the the global case we get an exact sequence

Bty 2100 Blp™)) 255 B2 (Koo, B 0
(39)

By Shapiro’s lemma H'(Ko ., Ep™))r,., = (@wlv HY(Koow, E[p™]))r, and

H*(Koo,u, E[p™) = (@), H* (Koow, E[p™]))" where the direct sum runs

over all primes of w dividing v. Taking direct sums, we get a diagram

0 — H' (Koo, E[p™])r

n,w

’

from Inom
0—( D H' (Koo, Ep"]))r, —— @ H*(Kno, Ep™]) —— ( @ H*(Keow, E[p™]))'" ——0
WESo vESy WESso

wmmT w;mT wamT

0 HY(Gs(Ko), Elp™])r, 2" HX(Gs(K,), Elp™]) —2" H2(Gs(Ko), Elp™])™" ——0

The vertical maps in the diagram are induced by restriction. This diagram
commutes. To see this, one argues as in the proof of lemma 2.7 taking the restriction
map of the appropriate double complexes. Applying the snake lemma we get an
exact sequence

0 — ker ¥y, — kerepy, . — ker, . — coker i m (40)

Lemma 2.7 and its local analog allow us to take inverse limits of this exact sequence.
By [17] theorem 8.3.20 H*(Gg(K,), E[p™]) is finite and therefore ker )y, ,, is also
finite. Therefore by taking inverse limits the sequence remains exact

. . 12 . 17 6 .
0 — lim ker ¢y — lim ker ¢y, ., — lim ker ¢, ., = lim coker ¢y, g, (41)

n,m n,m n,m n,m



ON THE A-COTORSION SUBGROUP OF THE SELMER GROUP 19

By lemma 2.6 limkert,, ~ Ta(Sely~(E/Ku)®).  Also note that

n,m

lim ker Yyom = Jim 1*(Gs(Ko), E[p™])™ so by lemma 2.5 we have lglker Unom

n,m n,m n,m
T, (Selp=(E/Kx)*). We claim that img6 is finite.  Since Wi ker by, o, ~

T, (Sely~(E/Ky)*) therefore img is a Z,-torsion module. Deﬁne J =

@ H'(Kww, E)[p>]. Then we have an exact sequence
WES o

0= P E(Kew)/p™ = P H' (Koo, E[p™]) = J[p™] = 0

This, in turn, induces another exact sequence

(@E( so,w) /P™) @Hl souw, E[p™]))r,, = JIp"]r, =0 (42)

WESoo WE S0

In the proof of proposition 2.4 we showed that J* is a finitely generated torsion
A-module. Hence it follows that J[p™]r, is finite. Also in lemma 2.6 we showed
that ( @ E(Koow)/p™)r, is finite. Therefore it follows from the exact sequence

WE S0

(42) that ( @ H'(Koow, E[p™]))r,, is finite and hence coker 1y, ,,, is finite.
WES o
It follows that yincoker Yn,m = coker i) where ¢ := ££n Yn.m
n,m n,m
Since the groups in the exact sequence (42) are finite, therefore by taking inverse
limits the sequence remains exact

lim( P E(Keo,w)/p™)r, = (@ H' (Koosu, Elp™))r, HLJWF —0

nmwes M weSq

(43)
Now for any pair of maps of abelain groups A — B LN C it is easy to prove from
the snake lemma that we have an exact sequence

0 — ker(a) — ker(8 o a) — ker(B)
— coker(a) — coker(3 o @) — coker(8) — 0

Applying this to the maps
lim

lim B (Gs(Ko), Elp™)r, > lim( @ H' (Koo w, Elp™])r

n,m n,M eSSy n,m

5

Jp"]r

and taking the sequence (43) into account we get an exact sequence

lim( @ E(Keo.w)/p™)r, — coker(i) — coker(p 0 1) — 0

n,m weSs

Since J* is a finitely generated A-module, it follows from lemma 2.1 that I&n Jp™r,
is a finitely generated Z,-module and so the same is true for coker(<poq/;).nflso in the
proof of lemma 2.6 we showed that L(w? E(Koow)/P™)r, is finite. Therefore
from the above exact sequence Li)cﬁ(er w;o m = cokert is a finitely generated
Zy-module. It follows that img 9nlsm finite since as we showed above it is a torsion
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Zy-module. It follows from this, the exact sequence (41) and the observations noted
after this sequence that we have an exact sequence

0— A — limkerd;, ., = B =0

n,m

where A ~ T)\(Sely~(E/Ku)*) and B ~ T,(Sely~(E/Ks)*). So we get
@nkord}g’m ~ Tp(Selpo (E/Kx)*). On the other hand ]'glkcrw' =

n,m
@mQ(GS(Kn),E[pm]) which by the pairing (2) defined in the beginning of this
n,m

section may be identified with the Pontryagin dual of R, (E/K ). This completes
the proof of theorem 1.1.
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