PLUS/MINUS SELMER GROUPS AND ANTICYCLOTOMIC
7,-EXTENSIONS

AHMED MATAR

ABSTRACT. Let E/Q be an elliptic curve, p a prime and K« /K the anticyc-
lotomic Zp-extension of a quadratic imaginary field K. In this paper we prove
two theorems. The first theorem shows that there is an intimate relationship
between the A-corank of Selpoc (E/ Koo ), the A-coranks of Sel?ﬁ,o (E/K~) and
the vanishing of H2(Gs(Koo), E[p™]). The second theorem proves under suit-
able conditions that the Pontryagin dual of Sel;[w (E/K) has A-rank one and
p-invariant zero.

1. INTRODUCTION

Let K be an imaginary quadratic field with discriminant dx # —3,—4 whose
class number we will denote by hg. Let p be an odd prime, K, /K be the anti-
cyclotomic Z,-extension of K, I' = Gal(K,/K) and K,, the unique subfield of K
containing K such that Gal(K, /K) = Z/p"Z. Denote T',, = T*", G,, = I'/T,, and
R, =TF,[G,].

Let A = Z,[[T']] be the Iwasawa algebra attached to K, /K. Fixing a topological
generator v € I' allows us to identify A with the power series ring Z,[[T]]. Also
consider the “mod p” Iwasawa algebra A = A/pA = F,[[T]].

Now let E be an elliptic curve of conductor N defined over Q with a modular
parametrization 7 : Xo(IN) — E. Throughout the paper we assume that F has good
supersingular reduction at p. Let S be a finite set of primes of K containing all the
primes dividing pN. We let Kg be the maximal extension of K unramified outside
S. Suppose now that L is a field with K C L C Kg. We let Gg(L) = Gal(Kg/L)
and S, be the set of primes of L above those in S. For simplicity, we will denote
SKn by Sn and SKoo by Soo

We now define the Selmer groups we will work with. For any n and m we let
Sel,m (E/K,) denote the p™-Selmer group of E over K,, defined by

0 — Selym (E/K,) — H'(Gs(Ky), Ep™) — [[ H' (Know, E)p™]-
vES,
We also define the p>-Selmer group of E over K, as Sel,~(E/K,) =
ligSelpm(E/Kn).

Finally we define the p"-Selmer group and the p>-Selmer group of F over K,
as Selpm (E/Ko) = lim Selpm (E/K,) and Sel,~ (E/Ks) = ligSelpoo(E/Kn).

n n
Let p be a prime of K,, above p. Following Kobayashi [14], we define the following
subgroups of E(Kp ;)

EY(Knyp) ={z € E(Kynyp) | Try/mi1(x) € E(Kpy,yp) for evenm: 0 <m < n}
1
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E™(Knyp) ={r € E(Kpnyp) | Try/my1(x) € E(Kpmyp) foroddm: 0 <m < n}.
Following Kobayashi [14] and Iovita-Pollack [12], we define
(K ,E [P])
0 — Sel,*(E/K,) — Sel,(E/K,) H FE(R e

and Sel, ™ (E/Koo) = lim Sel, ™ (E/K,)

Also we define

N HI(KTL,;MELpOO])
0 — Selyoe (E/Kpn) — Selp (E/Kp) — g E*(Knp) © Qp/Zy

and Seli (B/Koo) = lim Selyi (E/K,)

Finally, we need the definition of the fine p*-Selmer group of E/K,. This group
is defined as

0 — Ry (E/Ko) — H'(Gs(Kuo), Ep™]) — [[ H' (Koo, E[p™))
VESs
Now for any n, let S,(E/K,) = lim Selp,m (E/K,) (inverse limit with respect

m

to maps induced by multiplication by p). Let p be a prime of K, above p. We
write E(Kp p)p i= Jim E(K,.,)/p™ for the p-adic completion of E(K, ) and define

E(Knp)p = @pjpE(Kpyp)p. By the definition of the Selmer group, for any prime
p of K, dividing p, there is a natural map p,, : Sp(E/K,) = E(K, )p. These
maps induce a map py,, : Sp(E/K,) — E(K, p),. By abuse of notation, if p is a
prime of K, above p, we have for any n a map py p.

In what follows, if A is a Hausdorff, abelian locally-compact topological group
we denote its Pontryagin dual by A4l Also, as is standard, we will denote a
pseudo-isomorphism from A-modules A to B by A ~ B. Finally, for any rational
prime v we will let ¢, be the Tamagawa number of E at v.

Theorems A and B below rely on the results of Iovita-Pollack [12]. In order
to invoke their results we will need to assume that p splits in K/Q and that any
prime of K above p is totally ramified in K., /K. For theorem B we will replace
this second condition by the slightly stronger condition that p does not divide the
class number of K. This condition that p { hx is used in [17] prop 3.3 and this
proposition is needed for the proof of theorem B.

Theorem A below shows that there is an intimate relationship between the
A-corank of Sel,(E/K), the A-coranks of Selzjfm(E/Koo) and the A-corank
of Ry~ (E/Kx). Another thing the theorem shows is that the growth formula
corankz, (Sel, (E/K,)) = p™ + O(1) follows from both Selztoo (E/Ks)d® having
A-rank one. This last statement was proven in [12] prop. 7.1 under the extra
condition that H?(Gs(K), E[p™]) = 0. We remove this condition.

Theorem A. Assume that p > 5, all primes dividing pN split in K/Q and both
primes of K above p are totally ramified in Ko /K. The following are equivalent
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(a) Sely=(E/Kx ) has A-rank two

(b) Both SeI;too (B/Ko)¥ have A-rank one

(c) corankz, (Selp~ (E/Ky)) = p™ + O(1) and rankz, (img p, ) = p" + O(1)
(d) HX(Gs(Ko), Elp™]) = 0

(e) Rp=(E/Kx)® is A-torsion

Under some conditions Ciperiani [4] has shown that Sel,~ (E/K )9 has A-
rank two and Longo-Vigni [15] have shown that both Seljfoo (E/Ks )% have A-rank
one. If we impose the extra condition in [4] that both primes of K above p are totally
ramified in K, /K, then the above theorem shows that in this case the results of
Ciperiani and Longo-Vigni are equivalent.

By adapting the proof of the ordinary case in [17] to the plus/minus Selmer
groups we will show

Theorem B. Assume the following
(i) All the primes dividing pN split in K/Q
(it) p does not divide 6hxp(Ndr) - [yn co
(iii) p does not divide the number of geometrically connected components of the
kernel of m, : Jo(N) — E.

Then both Selgtoo (E/Koo)® have A-rank one and p-invariant zero

Under the conditions of theorem B, theorem B gives that both Selfoo (B/Ky)dua!
have A-rank one and theorems A and B together imply that Selye (E/K ) ! has
A-rank two. This gives a different proof to the results of Longo-Vigni [15] and
Ciperiani [4]. Both of these cited results are proven under slightly less restrictive
conditions. The advantage of imposing our extra conditions is that we also show
that both Selioo(E /Koo)dual have p-invariant zero. This result is analogous to
theorem 3.4 of [18] which shows that Selyw (E/K )" has p-invariant zero in the
case where E has good ordinary reduction at p.

It is an interesting question whether both Sel;tm (E/Ks)8 have p-invariant
zero implies that Selye (F /Ko )3 has p-invariant zero as well. As proposition 2.2
in the next section shows, we have a map j : SeI;'OO(E/KOO) ® Sel oo (E/Koo) —
Selpe (E/K o). One can attempt to use this map to relate the y-invariants, however
an understanding of the cokernel of the map j is needed. The author has not been
able to get a handle on the p-invariant of the Pontryagin dual of coker j and hence
has been unable to deduce that Sel,~(E/Ks )" has p-invariant zero.

In relation to the vanishing of the p-invariant of Sely~(E/Ks), we would
like to mention the following: in [18] the author conjectured (conjecture
B) that Rp~(E/Kx )% is cofinitely generated over Z,.  Assuming that
H?(Gs(Kw), E[p™®]) = 0, it is interesting to note that this conjecture is equi-
valent to Sel,« (E/Ky )" having p-invariant zero. This equivalence follows from
the main theorem of [19] if one notes that E (K )[p>°] is finite. The finiteness of
E(K)[p™] can be shown by taking a prime ¢ f pN that is inert in K/Q. The
prime q of K above ¢ splits completely in K., /K. Let Q be some prime of K
above ¢. Since the residue field Koo o of Koo g is finite and E (Ko q)[p™] injects
into E(Koo 0)[p™], the finiteness of E(K)[p™] follows.

Remark. Let p be a prime of K,, above p and let E be the formal group of E/Q.
Then E(K,,) is isomorphic to Ey(K, ,) = ker(E(K,,) — E(K,)) where K, is
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the residue field of K,, ,. We then define F*(K,, ,) & E1 (K, ,) N E*(K, ;). Since
E has supersingular reduction at p, therefore E(K,)[p] = 0. It follows that we
have an isomorphism Ei(Kn)p) ® Qp/Zy 2 E*(K,,y) ® Qp/Z,. The plus/minus
Selmer groups defined in [12] are defined as Seli (E/K,) but with E*(K,,) ®
Q,/Z, replaced with E*(K,, ) ® Q,/Z,. By What we just explained, it follows
that Sel;,t (E/K,) is identical to the Selmer group defined in [12].

2. PROOF OF THEOREM A

In this section we prove theorem A in the introduction. First we make a few
definitions. Let (I)f(X ) = Zf;ol X" be the p"-th cyclotomic polynomial and
wnp(X)=(X+1)P —1. Also set

I enx+1, @y = J[ @n(xX+1), a5 =1

1€m<n 1€m<n
meven m odd

wi =X & and w,, = X -, . Note that w, = X - &,
For any n > 0 we define

=T R "k p = p L i 2
M= pr B pp— 141 if2fn

qn is the degree of w;" or w,, depending on whether n is even or odd, respectively.
We also define

(Knp, E[p™])
0 — Selpee (B/Ky) — Selyee (E/Ky) — m
(E/K) (B HEQP)(XJ@p/Z
Let Selyo (B/Koo) := lim Selyo (E/Ky)
For any n we write TYn7n_1 for the trace Try, /i, _, or Trx, /K, ., Where v is

a prime of K,,. It will be clear to the reader whether we mean the global or local
trace.

We now define our Heegner points. We fix a modular parametrization 7 :
Xo(N) — E which maps the cusp oo of Xo(N) to the origin of E (see [26] and
[3]). If we assume that every prime dividing N splits in K/Q, then it follows that
we can choose an ideal N such that Ox /N = Z/NZ. Let m be an integer that
is relatively prime to NV and let O,, = Z + mOg be the order of conductor m in
K. The ideal N,, = N N O,, satisfies O,,/N,, = Z/NZ and therefore the natural
projection of complex tori:

C/O, — C/N

is a cyclic N-isogeny, which corresponds to a point of Xo(N). Let a[m] be its image
under the modular parametrization 7. From the theory of complex multiplication
we have that a[m] € E(K[m]) where K[m] is the ring class field of K of conductor
m.

We assume that all primes of K above p are totally ramified in K., /K. This
implies that K,/K and K[1]/K are linearly disjoint (K1] is the Hilbert class field
of K). It follows from this that for any n > 1 that K[p"*!] is the ring class field of
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minimal conductor that contains K,,. For any n > 0, we now define «,, € E(K,)
to be the trace from K[p"*!] to K,, of a[p"*!].

Let p > 5 be a prime. Assume that p splits in K/Q. From section 3.3 of [23] it
follows that

Try0(en) = (ap — (ap = 2) 7 (p — 1) (1)
Trp1/n(ng1) = apay — a1 forn >1 (2)

Since E has supersingular reduction at p and p > 5, a, = 0 so therefore we have

—1
Try0(a1) = b 5 @0 (3)

Trpi1/n(ng1) = —ap1 forn>1 (4)

Lemma 2.1. Assume that p > 5, all primes dividing pN split in K/Q and all
primes of K above p are totally ramified in Ko /K. For any n > 0 we have
w3,z =0 and wy, , 1 0v2n 41 =0

Proof. From equation (4) above we have wy, aa, = (7—1)@3, a, = (y—1)£ag = 0.
A similar proof using also equation (3) shows that wy, , j@on1 =0 O

We will need the following three intermediate results before proving theorem A

Proposition 2.2. Assume that p > 5, p splits in K/Q and all primes of K above
p are totally ramified in K /K. For any n > 0 we have exact sequences

0— K — Sell . (B/K,) & Selw (E/K,) = Sely~ (E/K,;) — C — 0

wi=0 1 wr=— _ w—— j
0 — K“n=0 5 Sel i (B/K,)“n = @Sel oo (E/K ;) =0 — Sely (E/K,,) — €' — 0

where i is the diagonal embedding, j is (xv,y) — x —y, K = Selzlym (E/K,) and
C,C" are finite.

Proof. The description of the kernels of the maps j above follow from [12] prop.
4.11 and lemma 4.13. Clearly, the finiteness of C' will follow from the finiteness
of C’. The latter is essentially proposition 10.1 of Kobayashi’s paper [14]. Given
P € Sely (E/Ky)aiv Kobayashi finds PT € Sel« (E/K,) and P~ € Sel . (E/K,)
such that j(P*,P~) = P. We only need to show that w,y P =0 and w,, P~ = 0.
For a suitably chosen @ € Sel,~(E/K,), A, B € Z,[X| Kobayashi defines P* =
A(y=1)@,;Q and P~ = B(y — 1)w; Q. Since wf@, =~*" —1land (47" —1)Q =0
therefore we see that w;” Pt = 0. Similarly one shows that w, P~ = 0. O

Proposition 2.3. Assume that p > 5, all primes dividing pN split in K/Q and all
primes of K above p are totally ramified in Ko /K. Let p be a prime of Ko above
p. Then we have rankz, (img p, ) > p™ + O(1)
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Proof. To prove this proposition we adapt Bertolini’s strategy ([2] prop. 5.2
and theorem 5.3) from the ordinary case to the supersingular case. We will
need to consider the Heegner points aws, and ase,+1 separately. For any n, let
E(K,), = E(K,) ® Z, be the p-adic completion of E(K,,). Denote by E(E/K,),
the submodule Z,[G,,]o, of E(K,,), spanned by the group ring Z,[G,] acting on
a,. We claim that for any n the map res, : E(K,), & E(K,+1)p, induced by
inclusion is injective. To see this, we show that for any m the map induced by in-
clusion res, pm : E(K,,)/p™ — E(Kp4+1)/p™ is injective. Suppose that P € E(K,,)
satisfies p™@Q = P for some Q € E(K,+1). Let o be a generator of Gal(K,,4+1/K,,).
Then we have p™(c(Q) — Q) = o(P™Q) — p™Q = o(P) — P = 0. But by [12]
lemma 2.1 we have E(K,)[p™] = {0}. Therefore 0(Q) — @ = 0 which implies that
@ € E(K,). This shows that res, ,m is injective which, in turn, shows that res,, is
injective.

Now consider the restriction of res, to £(E/K,) res, : E(E/K,) —
res, (E(E/K,)). As res, is injective, res, is an isomorphism. We now consider
the Heegner points ag;. The norm relation (4) shows that for any n > 1 we have
Trap/2n-1(E(E/K2,)) = imgresy, o and so rcf/s;nl% o Tryy, /2n—1 defines a surject-
ive map £(E/Ksy) — E(E/Kan_3). Using these maps, we define E7(E/Ky)} =
1'&115 (E/K3y)p. This is a cyclic A-module which is nonzero if and only if for some
n agy, has infinite order (note that E(K o )[p™] = 0 by [12] lemma 2.1). Using the
results of Cornut [6] and Cornut-Vatsal [7] it can be shown as in [17] prop. 4.1 that
9, has infinite order for some n. Hence £T(E/K o)y 1s a nonzero cyclic A-module.

We now turn to the local setting. Let E be the formal group of £/Q. Combining
Mattuck’s theorem, [12] lemma 2.1 and [25] IV prop. 2.3, we see that F (K, ) is a
free Z,-module. Therefore @E(Kn,p)/pm = E(K, ). Now E(K,, ,) is isomorphic

m

to F1(Ky,p) = ker(E(K,.,,) — E(F,)). Since E has supersingular reduction at
p, therefore E(F,)[p] = {0}. This implies that E(K,,) = Wm E(Ky ) /p™ =

E(K,p)p Define B*(K, ) = E1 (K, ,) N E*(K,,) where E*(K, ,) is defined as
in the introduction. Since E(K,, ) is a free Z,-module so are both E* (K, ,).

Theorem 4.5 of [12] shows that there exist d, € E(K,,) such that
Trpy1/n(dng1) = —dp—1 (for n > 1) and Try)(d1) = u - do for some u € Z}.
From (3) and (4) we see that the norm relations for the Heegner points «;, and
the points d,, are identical. Lemma 4.13 of [12] shows that for any n > 0 we have
Et(Kapp) = Zp[Grldan and E~(Kapy1.p) = Zp[Grlag,. 1. We shall work with B+
now. By what we just mentioned, we see as in the global case, that we may form
the inverse limit ET(Ku )T = @E*(Kgm,).

CLAIM: Ef(K. )t is a free A-module of rank 1 such that for any n the nat-
ural map 5, : ET(Kwp)*'/w;n — E+(K2,L7p) is an isomorphism (this map exists
because of the analog of lemma 2.1 for the points day,).

To see this, let n > 0. Since the maps defining the inverse limit EAT(KOO’,J)+
are surjective, therefore m) is surjective. Prop. 4.15(3) of [12] shows that
rankz, (BT (Kanyp)) = rankz, (A/w3,) = gon. Therefore from the surjectivity of
Ty, it follows that rankz (E1(Kup)*t/wg,) is unbounded and hence ET(Ky )t
is a free A-module of rank 1 since it is cyclic and not torsion. The injectivity of 75,
follows from comparing the Z,-ranks of the domain and codomain of 7,,.
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Consider the localization map ponp : E(E/Kapn)p — E(Kapy)p. Lemma 2.1
implies that img pon,p C BT (Kan,p). Therefore we get a map gl p, : E/(E/Ku)f —
Ef (Ko p)*. Since & (E/K)y is acyclic A-module and Et (Ko p)" is torsion-free,
therefore ﬁ;,p is injective if and only if it is nonzero. This is equivalent to saying
that poy p is nonzero for some n. As explained before, ay, has infinite order for
some n and hence pay, p(cv2y,) is nonzero. This shows that ﬁ;fo’p is injective.

We now determine rankz, (img pon ). Fix an isomorphism EA'Jf(KOQP)+ >~ A. As
fao.p 18 injective, we may identify £ (E/K); with fA for some nonzero f € A.
From the claim above we have

rankz, (img pon,p) = rankz, (fA + wih AJw3, A)
= rankz, (fA/fA Nw3,A)
= rankg, (fAJwi, fA) — rankz, (fA N wih AJwi fA)

Since rankz, (fA/w3, fA) = g2, and rankz, (fANw3, A /w3, fA) is bounded therefore
we get that rankz, (img pon,p) = g2, + O(1)

In an almost identical fashion, one considers the Heegner points as,41 and the
group EA’(K%H,p) and constructs the appropriate inverse limits. If one then
defines pon41,p analogously as above, one can show that rankz,, (img pon+t1,p) =

Gon+1 + O(1).
We can now finally complete the proof. Let n > 1. Define B := Z,[Gy]an,
C :=17Z,[Gy)ay—1 and let A:= B+ C C E(K,,),. Then we have

ranky, (pn,p(A)) = ranky, (img pp p) + ranky, (img pn—1,p) — rankz, (pnp(B) N pnp(C))
=qn+O0(1) + g1+ 0(1) - rankZp (pn,p(B) N Pnyp(c))
= "+ 1= rankg, (pnp (B) 1 pup(C)) + O(1)

Now note that py, ,(B) N pnp(C) € E(K,p) N E~(K,,). By [12] prop. 4.11,
EF (K p)NE~ (Knp) = B(Qp). Since rankz, (E(Q,)) = 1, it therefore follows from
the above that rankz, (pn,p(A4)) = p™ + O(1). This implies that rankz, (img p,, ) >
p™ 4+ O(1) which completes the proof of the proposition. O

Lemma 2.4. Assume that p splits in K/Q. For anyn > 0, the map Selzl)oo (E/K) —
Selzl,oo (E/K,)" induced by restriction is an injection with finite cokernel.

Proof. Define S to be the set of primes of K dividing Np and S,, to be the primes of
K, above those in S. Now define Kg to be the maximal extension of K unramified
outside S, Gs(K) = Gal(Kg/K) and Gs(K,) = Gal(Kg/K,). Let p; and ps be the
primes of K,, above p. We define P, (E/Ky) = [[,— o(H' (Kny,, E[p™])/(E(Q,) ®
Qp/Zy)) and Pu(E/Kn) = [l es,\(p1.p0} HY (K., E)[p>]. Similarly we define
P,(E/K) and P.(E/K).

We have a commutative diagram

0 —— Sell o (E/K,)T —— HY(Gs(K,.), B[p®])" —— Py(E/K,)' x P.(E/K,)"

0—— Sel;ljoc (E/K) —— HYGs(K), E[p™]) v, P,(E/K) x P.(E/K)

()
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Applying the snake lemma to the above diagram we get

0 — ker s — ker h — ker g Nimg 1 — coker s — coker h

By [12] lemma 2.1 we have E(K )[p™] = {0} and so the map h is an isomorphism.
Therefore from the above exact sequence we get that s is an injection and that
coker s = ker gNimg . Therefore to complete the proof of the lemma it will suffice
to show that ker g is finite.

Let v be a prime of K that does not divide p and consider the map g, :
HY(K,, E)[p™®] = (®ujoH* (Kn.w, E)[p™])" where the sum is taken over all primes
w of K, above v. It can be shown by Shapiro’s lemma along with the inflation re-
striction sequence that ker g, = H(T',, E) where Ty, is the decomposition group of

I at a prime w of K,, above v. It follows from [21] proposition I-3.8 that H!(T',,, E)

is finite of order cS}’) = pordp(cv).

To complete the proof it will suffice to show that the restriction map

gp : H'(Ky, E[p>]) _ (Hl(Kn,mE[POOD)F
" E(Qy) ® Qy/Zp E(Qp) ® Qp/Zy
is injective where p is a prime of K, above p
To prove this, consider the following commutative diagram

1 co T
s HY(K,,.E
0 —— (B(Q)) © Qp/Z,)" —— H Ky p, Blp=))T —— (lknsllb))

§ X I

00 HY (K, ,,E[p™
00— B(Qy) ® Qp/Z, —— H(Kp, B[p™)) oy oy

(6)
Applying the snake lemma to the above diagram we see that to show ker g, = 0,
we only need to show that ker g = 0 and coker g, = 0. Now g, is an isomorphism
so coker g, = 0. As for ker g we have ker g = H'(Gal(K,, ,/Ky), E(Kpp)[p™]).
By [12] lemma 2.1 E(K,, ,)[p=]" = E(K,)[p>] = {0} so E(K, ,)[p>] = {0}. This
shows that ker g/ = 0 which completes the proof. O

We now prove theorem A

Theorem A. Assume that p > 5, all primes diwviding pN split in K/Q and both
primes of K above p are totally ramified in Koo /K. The following are equivalent
(a) Sely=(E/Kx ) has A-rank two

(b) Both Sel;—Loo (B/Ks)% have A-rank one

(c) corankyz (Sely~(E/K,)) = p" + O(1) and rankz, (img p, ) = p™ + O(1)

(4) H*(Gs(Ko), Blp<]) = 0

(e) Rp(E/Kx )3 is A-torsion

Proof. We have that (d) and (e) are equivalent by [19] theorem 2.2.

We now show that (a) and (d) are equivalent. Let v be a prime of K above p
and w a prime of K, above v. Since v ramifies in K, /K, therefore the extension
Koo /K, is deeply ramified in the sense of [5]. So as explained in [9] pg. 70 we
have H' (Koo w, E)[p™] = 0. Combining this with [10] prop. 2, it follows that
[Toes.. HY(Koo 0, E)[p™] is A-cotorsion.
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From the definition of Sel,e (E/K,) it follows that coranky (Sely~ (E/Kx)) =
corankp (H'(Gs(Kx), E[p™]). Also Greenberg [10] prop 3 and 4 has shown
that coranky (H'(Gs(Kx), E[p®])) + coranks (H?(Gs(Kx), E[p™®]) = 2 and that
H?(Gs(Ks), E[p™]) is a cofree A-module. The equivalence of (a) and (d) follows.

Now we show that (a) implies (b). Assume that coranky (Sely~(E/Kx)) = 2.
Taking the direct limit (with respect to restriction) of the first exact sequence in
proposition 2.2 we get an exact sequence

0 — Selboe (E/Koo) = Sellc (B/Koo) ® Sel o (E/Ko) — Sely (E/Ko) ()

We now show that Sel}joo (E/K.) is A-cotorsion. Let Sao := Soo \ {Poo, Poc} Where
Poo, Poo are the primes of K., above p.
Now define

L(Ks) =[] E@) ©Qu/Zy x [] BEKocw) ®Qp/Zy.

i=1,2 V€S

and consider the commutative diagram

00— HY (Gs(Kw), E[p>®]) ———— HY(Gs(Ks), E[p>®]) ———— 0

- |

0—— L(Koo) — [ [ H' (Koo0r Ep™)) —— [ [ H' (Koo 0, E[p™))/L(Ko) —— 0
VESoo VESo

(®)

Applying the snake lemma to this diagram we get an exact sequence
0 — Ry (E/Koo) — Selpe (B/Koo) — L(Koo) (9)

For any v € S, we have B(Ku ) ® Q,/Z, = 0 this is because for any n by
Mattuck’s theorem have E(K,, ,) = Z] x T where r is some integer, T is a finite
group and [ # p is the rational prime below v. Therefore it follows that £(K )
is A-cotorsion. Also by the equivalence of (a) and (e) shown above we have that
Ry (E/Ks) is A-cotorsion. The exact sequence (9) then shows that SelzlJoo (E/Kx)
is A-cotorsion.

Since Sel,lJoo (E/K) is A-cotorsion, therefore from the sequence (7) we get that
corankA(SeI;;x, (E/Ku) ®Sel o (E/Ky)) < 2. We see that (b) will follow if we can
show that corank/\(Sel;too (E/Kx)) > 1. So we get (b) from [15] prop 4.7.

We now show that (b) implies (¢). Assume that corank/\(Selfﬁ><> (E/K)) =
1. First we show corankg, (Sel,~(E/K,)) = p* + O(1). Since
coramkA(SeI;'Eoo (E/Ks)) = 1, therefore (:01rzaun](<Zp(Seli,c (E/Koo)‘“vifzo) =
degwF + O(1). By [12] theorem 6.8 the natural map Sel;too(E/Kn)wfzo —
Sel]:D'Eoo (E/ Koo)“f =0 has finite kernel and cokernel. Therefore
corankz, (Sel - (E/K,)* =% = degwt + O(1) Since degw} + degw; =

n
qn + qn—1 = p" + 1, therefore we see by the second exact sequence in prop 2.2 that
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in order to show corankz, (Sel,~(E/K,)) = p™ + O(1), it will suffice to show that
corankz, (Sel ) (E/K,)*=9) is bounded with n.

Now X is a greatest common divisor of w;(X) and w, (X) in Qp[X].
It follows that there exist polynomials A(X),B(X) € Z,[X] such that
AX)wH(X) + B(X)w, (X) = p™X for some integer m. This shows that
Sello (B/K,)9n =0 C Sellw (B/K,)P" (7=0 (Sell o (E/K,)"" D=0 means
the subgroup of Selzl)m (F/K,) annihilated by p™(y — 1)).  Therefore it
suffices to show that corankzp(Sellljoc (B/K,)P"(=1=0) is bounded with n.
As p™ Sel},oo(E/Kn)pm(””l):O C Selll,oo (E/K,)' and Selzl,oo (E/K,)[p™"] <
Selpes (E/K,)[p™] is finite, we only have to show that corankZP(Selllfx, (E/K,)")
is bounded with n. This follows from lemma 2.4.

If p is a prime of K, above p, proposition 2.3 shows that rankz, (img p;p)
p"+0(1). It follows that rankz, (img p, ) > p™+O(1). Since rankz, (S,(E/Kpy))
rankyz, (img pn,p) we get equality. Hence we get (c).

Finally (c) implies (d) follows from [2] theorem 3.1. This completes the proof of
theorem A. 0

>
>

3. PROOF orF THEOREM B

In this section we prove theorem B by a similar technique used in the proof of
the ordinary case in [17]. We will prove theorem B for Sel;’oo (E/Ks). The proof
for Sel o (E/Ko) will be similar. We use all the notation and definitions from
the introduction and the previous section. Throughout this section we assume the
following

(i) All the primes dividing pN split in K/Q

(ii) p does not divide 6hxp(Ndk) - [Ton cv
(iii) p does not divide the number of geometrically connected components of the
kernel of 7, : Jo(N) — E.

As we just mentioned, theorem B will be proven by adapting the proof of the-
orem A in [17]. The first important observation is that since E has good super-
singular reduction at p, therefore E[p| is an irreducible Gal(Q(E[p])/Q)-module
(see [13] prop 4.4 or [24] prop 12(c)). In [17] we imposed the condition that
Gal(Q(E[p])/Q) = GLy(F,). In order to adapt the proof of theorem A in [17]
to our setting we will need to show that Gal(Q(E[p])/Q) = GL2(F,) may be re-
placed by the condition that E[p] is an irreducible Gal(Q(E[p])/Q)-module in that
paper. We now explain this. First we prove lemma 2.3 in [17]

Lemma 3.1. The extensions Q(FE[p])/Q and K /Q are linearly disjoint

Proof. Q(E[p])/Q and K/Q are linearly disjoint just as in the proof of lemma 2.3.
We now show that K(F[p])/K and K. /K are disjoint. If they were not disjoint,
then G = Gal(K(E[p])/K) = Gal(Q(E[p])/Q) would a normal subgroup N of
index p and hence in particular the order of G would be divisible by p. This implies
by Dickson’s classification of subgroups of GLy(F,) ([8] sec 260) that SL2(F,) C G
(the other possibility is that G is contained in a Borel subgroup. This is ruled out
by the fact that E[p] is an irreducible Gal(Q(E[p])/Q)-module). Then as in lemma
2.3, we must have that N N SLy(F,) has both order and index greater than 2. This
contradicts that fact that PSLy(F,) is simple for p > 5. O
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n [17], we defined L, := K, (E[p]) and G,, := Gal(L,,/K,). We need to prove
proposition 2.6 in [17]

Proposition 3.2. The restriction map induces an isomorphism.:
res : HY(K,, E[p|) = H'(L,, E[p])9" = Homg, (Gal(Q/L.,), E[p])

Proof. To prove this proposition we need to show that (x) H(G,, E[p]) = 0 for i =
1,2. By the above lemma, we have G,, = Gal(Q(E[p])/Q). When Gal(Q(E[p])/Q) =
GLy(F,), we can use Serre’s proof as in [11] prop. 9.1. In general, when E[p] is an
irreducible F,,[Gg]-module we note that # det(G,,) = #xp,0(Gn) > 2 (since p > 3)
where x, @ : Gg — F; is the mod p cyclotomic character. This implies by [20] prop
5.15 that G,, contains a nontrivial homothety. Then one gets (x) either by adapting
Serre’s proof or by Sah’s lemma (see [20] 5.5.2). O

Proposition 9.3 in Gross’s paper [11] was used in a number of places in [17] (see
for example pg. 424). Gross proves this proposition under the assumption that
Gal(Q(E[p])/Q) = GLs(F,). Proposition 3.2 above shows that [11] prop. 9.3 holds
under the weaker assumption that Ep| is an irreducible F,[Ggl-module.

The above results show that we may indeed replace Gal(Q(E[p]),Q) =
GLy(F,) in [17] by the condition (which holds here) that E[p] is an irreducible

Gal(Q(E[p)))/Q)-module.
Now let A be a discrete I'-module annihilated by p. For any n > 1 we have

O . . P
Trzn/Qn_l(Aw;":O) C A%2n-279 Using these maps we can form the inverse limit

@A”;nzo. We now have the following important proposition

Proposition 3.3. If M is a finitely generated A-module, then the module M™T :=
@(Md“al)w$L:0 is a free A-module of same rank as M

Proof. As M is a finitely generated A-module and A is a PID, therefore M is
isomorphic to A" x T for some r > 0 and some finite group 7. From this we see
that to prove the proposition, we only need to show that (i) &iin(Td“al)“’2‘+n:0 =0
and that (if) Jim(Adual)«d, =0 = §

First we show (i). Since 799! is a finite discrete I-module, there exists s > 0
such that I'; acts trivially on 79", Then for all n > s, Try, /2n—1 annihilates Tdual
It follows that lim(745!)«2.=0 = 0

We now show (ii). Since A/wy, is a finite group, therefore we have an isomorph-
ism (A/wg, ) = A/w . If we choose the isomorphisms appropriately, then we
get a commutative diagram where 7, is the canonical projection

(Afwg, )M —=— Awg,
s -
(Aws,, o)™ —— Muws,,
The above diagram shows that
@(Kdual)w;n:() ~ @(K/w;n)dual ~ @K/w;n ~ A
This completes the proof. [



12 AHMED MATAR

Proposition 3.4. For anyn > 0, the natural map H*(K,,, E[p]) — H'(K,, E[p>])
induces an isomorphism Sel;r(E/Kn) = Sel;x, (E/K,)[p]

Proof. Let 1, : Sel,(E/K,) — Sely~(E/K,)[p] and ¢ : Sell (E/K,) —
Selzm (E/K,)[p] induced from the map H'(K,, E[p]) — H'(K,, E[p>™]). By [12]
lemma 2.1 E(K)[p™] = {0}. Therefore 1,, is an isomorphism. From this an the
snake lemma, we get that d);f is an injection and its cokernel is contained in the
kernel of the map

, HY(K,,,Ep]) HY (K, ,, E[p™])
+,p-§B (K p)@ 3

— - _)
) b+ F, U E(K.,) 8 Q,/Z,

We now show that w;tp is an injection. Let p be a prime of K, above p. We

need to show that the map
o HMEay B H (K, Bl
"R ET (Knap) ® IFp E+(Kn,p) ® Qp/Zp

is an injection.
Consider the map
oo H (Knp, Elp]) |, H'(Kpp, E[p*])
P E(Knp) ®F, " E(Knp) @ Q2
Since H'(Kpp, E)lp] = H'(Kpp, Elp)/(E(Knp) ® Fp), H' (K, E)[p™] =
HY (K, p, Ep™))/(E(Knyp) ® Qp/Z,) and the inclusion map H(K,,, E)[p] —
HY(K,p, E)[p™] is an injection, therefore v, , is an injection. Now consider the
following commutative diagram

E(Kn,p)®Qp/Zp H'(Kn,p,E[p™)) H' (Kn,p,E[p™))
ET(Kn,p)®Qp/Zp ET(Kn,p)®Qp/Zp E(Kn,p)®Qp/Zyp
%lﬁn }b;p }zzn,p
E(Kn,p)QF, H'(Kn,p,E[p]) H' (Kn,p,E[p])
ET(Kn,p)®F, ET(Kn,p)®F, E(Kn,p)®Fp

Since 1y, p is an injection, the above commutative diagram shows that to prove

that Q/J'j;p is an injection, we only need to show that L/J;:rp is an injection. We have
E(Kpy) @ Qp/Zy = @E(Kn’p)/pm where the transition maps in the direct limit
are induced by the multiplication-by-p map.

Suppose that P + pE(K,,) € E(K,,)/p considered as an element of
ligE(Kn,p)/pm is contained in ligiE*‘(Kn,p)/pm. This implies that there exists
Q € ET(K,,)and ant > 1such that p'P—Q € p' ™ E(K,,,) i.e. p'P—Q = p*T1 P
for some P’ € E(K, ). This gives p'(P — pP') = Q. Let S = P — pP’. We want
to show that S € E(Kn,p)"’. To this end, let m be an odd integer with 1 < m <n.
Since Q € E* (K, ) we have p' Tr,, ), (S) = Try, /i (Q) € E(Kp—1,p).

Now let T' = Try,/mm(S). We need to show that ' € E(K,,—1,). Let o be a
generator of Gal(K,, y/Kpm—1,p). Then we have p'(c(T) —T) = o(p'T) — p'T =0
because p'T € E(K;,—1,). But by [12] lemma 2.1 we have E(Ky ,)[p™]l =
E(K,)[p>=] = {0} so E(Kx,p)[p>®] = {0}. Therefore o(T) — T = 0 which implies
that T € E(Kp,—1,p) as desired. This proves that 1/);;, is an injection which as
mentioned above proves that 7,[12'7p is also an injection. This completes the proof. [
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Theorem 3.5. For any n > 0, the natural map
wih= wh=
Selt (E/K,)“n =0 = Sel (E/Koo)“n ="
is an isomorphism.

Proof. For any n > 0, let s, : Sel?,;c(E/Kn)‘”i:0 — Selzoo(E/Koo)“i:O be the
natural map induced by restriction. Note that we have assumed that p splits in
K/Q and that p does not divide the class number of K (which implies that K., /K
is totally ramified at any prime of K above p). These two assumptions allow us to
use the results of Iovita and Pollack [12].

By theorem 6.8 of [12] s, is an injection with finite cokernel. The proof of
this result is based on the proof of [14] theorem 9.3. The proof reveals that the
cokernel of s, will be trivial if for any prime v of K, not dividing p the kernel
of the restriction map gn : H' (Ky o, E)[p™] = @ujoH' (Koo,w, E)[p™] is trivial
and this is the case since p was assumed not to divide Hv| N Cu (see the remark
following [9] lemma 3.3). Therefore s,, is an isomorphism. The result now follows
from proposition 3.4. O

Now for any n, we let res,, : H*(K,, E[p]) — H*(K,11, E[p]) be the restriction
map and cor,, : H'(K,, E[p]) = H'(K,_1, E[p]) be the corestriction map. Using
the above theorem, we show

Proposition 3.6. For any n > 1 and any s € SelZ(E/Kzn)w;":O, there exists
s’ e SelZ‘(E/Kgn_g)“;n%:O such that cora,(s) = resg,_o(s)

Proof. Consider the following diagram

Selt (B/Kazy)*n=0 — s Sl (E/ Ko )=

Jcorgn JT&n/in

Sell (E/Kyp—1) ———— Sel; (B/K)

Ires2n2 WLZHQ

Sells (B Kap—z)*n-2=" —~ Sel}f (B/ Koo )20

In the diagram above the horizontal maps are restriction and the map t9,_o is
just the inclusion map. By theorem 3.5 the top and bottom horizontal maps are
isomorphisms. This diagram commutes.

For any t € Sel;,r(E/Koo)w’:‘rn:O there exists ¢’ € Selj(E/Koo)”;nfi’:O such that
Tray/2n—2(t) = tan—2(t'). Also by [12] lemma 2.1 E(K)[p>°] = 0 so the middle
horizontal map is an injection. The proposition follows easily from these two facts
using a diagram chase. (I

For any n > 1, consider the restriction map ress,_» : Sel;(E/Kgn_g)w;"—on —
SelZ(E/Kgn,l). By [12] lemma 2.1, E(K)[p™] = 0 so resa,—2 is injective. The
above proposition shows that COI‘Qn(Sel;(E/KQH)w;":O) C imgress,_2 and so if
we consider ress,_o to be an isomorphism onto it’s image, therefore we see that
1'6827711_2 ocory, defines a map from Sel;(E/KQn)w;":() to Sel;L(E/Kgn,g)“;n*:O.

Using these maps, we construct the inverse limit. We now define X; (F/Kw) =
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@Sel; (E/Ksy,)%2+=0. Note that we have chosen to put an “{” in the superscript
so that the reader does not confuse this group with the group X,(E/K) in [17] and
the groups X, ,(E/Kx) and X ,(E/K) in [18] which were defined in a different
way.

We now have the following key theorem

Theorem 3.7. The group X;(E/Koo) is a finitely generated A-module with
ranky (X} (E/Ko)) = ranky (Sel! (E/Ko )

Proof. By [16] th. 4.5, we know that Sely~(FE/K, )% is a finitely generated
A-module. Since E(Ko)[p™] = 0 by [12] lemma 2.1, therefore we have an iso-
morphism Sel,(E/K) = Sely~(E/Kx)[p] and so Sel,(E/K )M is a finitely
generated A-module. Then same is true for Selz (E/K )8! since Selz' (E/K) C
Sel,(E/Ks).

Now consider the group Y[(E/Ks) = @Selz (I*T/KOC)“’;W=0 defined as
in the paragraph proceeding proposition 3.3.  Proposition 3.3 shows that
Y/(E/Ks) is a finitely generated free A-module with rankg(Y,(E/Ku)) =
ranky (Sel (E/Kso)®!). Therefore to complete the proof, we only have to show
that X;(E/Koo) and YpT (E/Ky) are isomorphic.

Let n > 1. The transition map from SelIf(E/Koo)“’;n:O to Sel;;(E/Koo)“’;n—fO
in Y (E/Ku) is Tronjon_1. Let tan—s : Selt (B/Ku)*3n—2=0 < Self (E/K.) be
the inclusion map. One sees that ’HQn/gn,l(Selg(E/Koo)w‘jnzo) C imgt9,_o and
so by considering 9,2 to be an isomorphism onto it’s image, we may write the
transition maps defining the inverse limit YpT (F/Ky) as L27nl_2 o Tryp/2,—1- This
shows that the restriction maps induce a map = : X; (F/Ky) — YPT(E/KOO) and
it follows from theorem 3.5 that this map is an isomorphism. This completes the
proof. O

As in [17], we call a rational prime ¢ is called a Kolyvagin prime if £ is relatively
prime to Nd and Froby(K(F|[p])/Q) = [r] where 7 is a fixed complex conjugation
on Q (the algebraic closure of Q).

If £ is a rational prime and F' is a number field we define

E(Fy)/p:= @xeE(F\)/p
H'(Fy, Elp]) := @5 H' (Fx, E[p])
H'(Ey, B)lp] := ©xeH (Fy, E)p]
where the sum is taken over all primes of F' dividing /.
With this notation we let res; be the localization map:
resg : E(F)/p — E(Fy)/p
res; : H'(F, E[p]) — H'(F,, E[p))

resy : H'(F, E)[p] — H'(F,, E)[p
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Now let £ be a Kolyvagin prime. For any n, local Tate duality gives a non-degenerate
pairing (see [11] prop. 7.5)

(s )e: E(Kane)/p HI(KZn,fvE)Lp] -, (10)

This induces a non-degenerate pairing

(3 et (B(Kan) /p)/w, % H' (Kzne, B)[p*n=" = F, (11)

Now as ¢ is inert in K/Q and ¢ # p, it follows that ¢ splits completely in the
anticyclotomic Z,-extension Ko, /K. We have E(K,, )/p = @, ¢E(Kn,)/p. For
any A,|¢ we have by Mattuck’s theorem that E(K, \,) = Z2 x T where T is a
finite group. This together with the fact that ¢ splits in K(FE[p])/K implies that
E(Kpa,)/p=2Z/pZ x Z/pZ. Thus we have an isomorphism

E(Kne)/p = Ry X R, (12)

The above isomorphism shows that multiplication by @s,, induces an isomorphism
~om— +_

0 : (E(Kane)/p)/ws, = @05, E(Kani)/p = (E(Kane)/p)“2»=". Thus we have a

non-degenerate pairing

(et (B(Kane) [p)“=0 x H'(Kan g, E)[p]“==" — F, (13)

defined by the relation (a,b);, = (6(a), b)e.

Now let res,, : H (K, ¢, E[p]) = H' (K, 114, E[p]) and cor,, : H'(K,, ¢, E[p]) —
HY(K,_1.4,E[p]) be the restriction and corestriction maps, respectively. We will
also let res,, and cor,, denote these maps on E(K, ¢)/p and H' (K, ¢, E)[p]. Noting
that o =@F | and w = wl | when mis odd and @, =@, , and w;,, =w,
when m is even, we get a commutative diagram

(B(Kan,0)/p) /sy, ——2s (B(Kan,c) [p)“3 0 (14)

COr'2n J COran

+ XWop 1 wt =0
(E(K2n-1,0)/p)/wap_o —— (E(Kan—1,4)/p)2n—2

-1
COT2p —
2n 1JV res,, o
+

+ X‘:";n—2
(E(K2n—2,0)/p)/wgn o — (

Let ling(Kgmg,E)[p]“’;n:O be the direct limit with transition maps being re-
striction and @(E(Kgn,g) / p)“’;rnzo be the inverse limit with transition maps

— + _ + _
1€, 0 COlzy ¢ (E(Kan)/p)*2n=" — (E(Kan—2,)/p)**n-2=".

A property of Tate local duality gives that (res,(a), b)), = (a,corp4+1(b));. Taking
this and the above commutative diagram into account, we see that the pairing (, ),
induces an isomorphism

lim H' (Kzn,e, B)p)“2 =" 2 (m(B(Kap, o) /p)“3=0) ! (15)
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Let n > 0 be an integer and ¢ a Kolyvagin prime. By the definition of Se];(E/Kgn),
we have res;(Sel’ (E/K2,)) € E(Kang)/p and so rese(Sel;(E/Kgn)‘“’jn:O) -
(E(Kan,)/p)~ 0.

The definitions of X;(E/Koo) and M(E(Kgnyg)/p)w;":o show that the trans-

ition maps of these groups are compatible with the maps res, and therefore the
maps resy induce a map

ves; : X} (B/Koo) = lim(E(Kan,e) /p)“5 =" (16)
Dualizing this map and using the isomorphism (15) above we get a map
: +
Py h_H)lHl(Kgn’&E)[p}“@n_O — X (B/K )M

We now follow the proof of the ordinary case in [17] carefully making the necessary
adjustments to suit our setting. First we prove the analog of [17] prop. 2.5. We
remark that there is a mistake in the proof of [17]: In the last line of the proof the
F,-dimension should be 2 + ¢ rather that 2p 4+ c.

Proposition 3.8. If ¢ is a Kolyvagin prime, then &}nHl(Kgn,g,E)[p]‘”;n:O s a
cofree A-module of rank two

Proof. Let Z := liﬂH1 (Ko, E) [p]wjnzo. As in the proof of [17] prop. 2.5, we have

7930 = HY(Kyp e, E)[p]*==" and for any Ao,|¢ we have H' (Ko ., E)[p] =

Z/pZ x Z/pZ. Therefore it follows that H'(Kay ¢, E[p]) & Ra, X Rap. Just as we
+ _

observed after (12), we have R;";”fo >~ Ron/wi, . Summing up, we get Z93n=0 o

Rop/wy % Rop/wi = AJwi x AJws . The proposition follows from this. O

Let g be a topological generator of T. Since X*" ®=D&,(X~!) = &,(X)
and 7gT = ¢!, therefore it easily follows from this and the fact that 7 acts on
Sel! (E/Ks,) that T acts on SelZ(E/Kgn)“’;n:O and hence also on X[ (E/K).

We define the sets and define the sets, U, V and L(U) in the same way as in
section 2 of [17]. Then as in [17] prop. 2.8 we get

Proposition 3.9. If U generates V', then img\, with £ ranging over £ (U)
generate X} (E/Ky) !

Also, using our modified pairing (, ), we get as in [17] prop. 2.9 that

Proposition 3.10. For any n, if s € Selp(E/Kgn)‘”;rn:0 and v €
HY(K,, E)[p]“*=0, then

Z(rese s, resgY)e =0
‘
where the sum is taken over all the rational primes

Let 7 be a squrefree product of Kolyvagin primes. We define Kolyvagin classes
cn(r) € HY(K,, E[p]) and d,,(r) € H'(K,, F)[p] as in section 2.2 of [17]. We need

Proposition 3.11. Let n > 0 and r a squarefree product of Kolyvagin prime. Let
res, : HY(K,, E[p]) = HY(K,11, E[p]) be the restriction map. Then we have

(a) Tryjo(er(r)) = reso(Ezteo(r))
Trpq1/m(cng1(r)) = —resp_1(ch_1(r)) forn>1
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(b) wiycan(r) =0

(c) w;_n-‘,-lCQ""rl(r) =0

Proof. If K[r] is the ring class field of K of conductor r, we defined in [17] section
2.2 K,[r] to be K, K[r] and defined a Heegner point o, (r) € K, (r). From section
3 of [23] one sees that the points o, (1) satisfy identical norm relations to (3) and
(4) which were shown for the points «,,. Therefore (a) follows from the definition

of ¢, (r) and diagram (3) in [17] section 2.2. (b) and (c) follow from (a) as in lemma
2.1. ]

Let R,a, denote the R,-submodule of H'(K,, E[p]) generated by the image of
a;,, under the Kummer map

B(K,) = H' (K., E[p]).

By [12] lemma 2.1 we have E(K)[p®°] = {0}. This implies that the restriction
map for m >n

Hl(Kn,E[p]) - Hl(KmvE[p])

is injective and therefore allows us to view R, a,, as a submodule of H'(K,,, E[p]).
The norm relation (4) in section 2 shows that Ra,, C Raopioqonto and so we

may form the direct limit lim Ranag,. From [17] theorem 4.1 we get

Theorem 3.12. The A-module (h_r)n Rgnagn)d“al is finitely generated and mot tor-
ston

Then as in [17] section 3, the above theorem implies that there exists a nonzero
map

¢ Adual lim Ry, 0,

and one chooses an auxiliary prime ¢; and this map to show

dual

Proposition 3.13. As a A-module (h_n)l Roycon (1)) is finitely generated and

not torsion

Note that Rancon(¢1) C RontaCani2(f1) by proposition 3.11. As in [17] section
3, one chooses s € liglenonn and s’ € hﬂRQnCQn(Kl) and proves as in [17] prop.
3.3 that s and s’ viewed as elements of H'(K,, E[p]) are linearly independent over
F,. Then one defines the set S,,, C H'(K,,, E[p]) and the set U in the same way
as in [17]. If ¢ # ¢ is a Kolyvagin prime, then it follows from lemma 2.1 and

proposition 3.11 that ress(Roncon) € (E(Kan.)/p)*#n=0 and ress(Roncan(f1)) C
(E(Kgn)g>/p)w;"=0. Then by the same proof of [17] prop. 3.4, we get
Proposition 3.14. For any ¢ € Z(U) the submodules ligresz Ropas, and
liﬂreSZ Roncon(lh) of @(E(Kgn,g)/p)WZ"Lzo each have A-corank greater or equal
to one and together they generate a submodule of A-corank equal to two

Using property (3) of the Kolyvagin classes in section 2.2 of [17], the same proof
of [17] corollary 3.5 gives
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Corollary 3.15. For any { € Z(U) the submodules lim res, Rondan(€) and
ligres@ Royndan (047) oflig Hl(Kgmg, E)[p]‘*’;n:O each have A-corank greater or equal
to one and together they generate @Hl(Kgnyg, E)[p]‘”;nzo

Using proposition 3.10 together with property (2) of the Kolyvagin classes in
section 2.2 of [17], one proves the analog of [17] prop. 3.6 by the same way

Proposition 3.16. For any ¢ € £ (U), imgy, is a cofree A-module and imgp, =
ﬂ)é(ligﬂ resy Rondan (£01))

Then in an identical way to [17] prop. 3.7, one proves
Proposition 3.17. We have ranky (X} (E/Kx)) < 1
We can now finally prove theorem B

Theorem B. Assume the following
(i) All the primes dividing pN split in K/Q
(it) p does not divide 6hxp(Ndx) - [yn co
(iii) p does not divide the number of geometrically connected components of the
kernel of m, : Jo(N) — E.

Then both Selix, (E/Ks)1 have A-rank one and p-invariant zero

Proof. By proposition 3.4 it follows that Sel’-c (E/K)[p] = Sel’ (E/K). There-
fore if X := Sel;l;o (E/Ky)8, then X/p = Selz (E/Ks )9, We see from this that
to prove the theorem we only have to show that (i) rankA(Sel;'oc (B/K.o)%a) > 1
and that (ii) rankK(Sel;r(E/Koo)d“al) < 1. (i) follows from [15] prop. 4.7 and
(ii) follows from the previous proposition together with theorem 3.7. This proves
theorem B for Sel’« (F/Kx). The proof for Sel . (E/K.) is similar. O
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