FINE SELMER GROUPS, HEEGNER POINTS AND
ANTICYCLOTOMIC Z,-EXTENSIONS

AHMED MATAR

ABSTRACT. Let E/Q be an elliptic curve, p a prime and K« /K the anticyc-
lotomic Zp-extension of a quadratic imaginary field K satisfying the Heegner
hypothesis. In this paper we make a conjecture about the fine Selmer group
over K. We also make a conjecture about the structure of the module of
Heegner points in E(Ky_. )/p where Ky is the union of the completions of
the fields K, at a prime of K above p. We prove that these conjectures are
equivalent. When F has supersingular reduction at p we also show that these
conjectures are equivalent to the conjecture in our earlier work. Assuming
these conjectures when E has supersingular reduction at p, we prove various
results about the structure of the Selmer group over K.

1. INTRODUCTION

Let K be an imaginary quadratic field with discriminant dx # —3, —4 whose
class number we will denote by hx-.

Let p > 5 be a prime and FE an elliptic curve of conductor IV defined over Q with
a modular parametrization 7 : Xo(N) — E. We shall say that (E, p) satisfies (x) if
the following are met:

(i) All the primes dividing N split in K/Q
(ii) p does not divide Ndxhgo(Ndg)
(iti) Gal(Q(E[p])/Q) = GLa(F,)
(iv) If E has ordinary reduction at p then
(a) pt#E(F,)
(b) ap # —1 (mod p) if p is inert in K/Q
(c) ap # 2 (mod p) if p splits in K/Q

We shall say that (E, 7, p) satisfies (x) if (E,p) satisfies (x) and furthermore p
does not divide the number of geometrically connected components of the kernel of
7yt Jo(N) = E.

Let Ko /K be the anticyclotomic Z,-extension of K, I' = Gal(K«/K) and K,
the unique subfield of K, containing K such that Gal(K,/K) = Z/p"Z. Denote
r,=TI",G,=T/T, and R, = F,[G,].

Let A = Z,[[I']] be the Iwasawa algebra attached to K, /K. Fixing a topological
generator v € I' allows us to identify A with the power series ring Z,[[T]]. Also
consider the “mod p” Iwasawa algebra A = A/pA = F,[[T]].

Now let E’ be a strong Weil curve in the isogeny class of E i.e. there exists a
modular parametrization 7’ : Xo(N) — E’ which maps the cusp oo of Xy(N) to
the origin of E’ such that the induced map 7/, : Jo(N) — E’ has a geometrically
connected kernel.
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If we assume that all the primes dividing N split in K/Q, then choosing an ideal
N of Ok such that Ok /N = Z/NZ allows us to define a family of Heegner points
oy, € E(K,) using the modular parametrization 7= and a family of Heegner points
o), € E'(K,,) using the modular parametrization 7’ (see section 2). In [23] we made
the following conjecture

Conjecture A*. Assume that (E,p) satisfies (), p splits in K/Q and E has

supersingular reduction at p then the A-submodule of E'(Kx)/p generated by the
Heegner points o, has A-corank greater than or equal to two.

Assuming this conjecture, we proved in [23] (using the same notation in that
paper) that if E has supersingular reduction at p and p splits in K/Q then the
A-corank of Selp~(E/K) is equal to 2 and that X, (E/K) = {0}.

We now make the slightly stronger conjecture

Conjecture A. Assume that (E,m,p) satisfies (x), p splits in K/Q and E has
supersingular reduction at p then the I'-submodule of E(K)/p generated by the
Heegner points o, has A-corank greater than or equal to two.

It is easy to see that conjecture A implies conjecture A*. We proved theorem
B of [23] for a strong Weil curve E’ isogenous to E. As theorem B was invariant
under isogeny, conjecture A* sufficed for our purposes. The author has not been
able to prove that the results in this paper are invariant under isogeny which is the
reason we have chosen to work with the slightly stronger conjecture A.

We now define the fine [*°-Selmer group. Assume that [ is an odd prime, F' a
number field and £ is an elliptic curve defined over F. Let S be a finite set of
primes of F' containing all the primes dividing [ and all the primes where £ has
bad reduction. We let Fg be the maximal extension of F' unramified outside S.
Suppose now that L is a field with FF C L C Fg. We let Gg(L) = Gal(Fs/L) and
St be the set of primes of L above those in S. We define the fine [*°-Selmer group
of /L as

0 — Ry (/L) — H'(Gs(L),E1]) — [[ H' (L., E0)
veSL
If [ is a fixed prime then for any number field F' we let F'*Y¢ denote the cyclotomic
Zi-extension of F. In [9] Coates and Sujatha make the following conjecture

Conjecture (Coates-Sujatha). If I is an odd prime, F a number field and £ an
elliptic curve defined over F', then Ry (E/FY¢) is a cofinitely generated Z;-module.

If [ is a fixed prime and F is an imaginary quadratic field we let F*™** denote the
anticyclotomic Z;-extension of F' (we have denoted this by K, for the imaginary
quadratic field K above). In relation to the conjecture of Coates and Sujatha above
we propose the following conjecture

Conjecture B. Ifl is an odd prime, F' an imaginary quadratic field and £ an
elliptic curve defined over F, then Ry (€ /F%) is a cofinitely generated Z;-module.

Our first result in this paper is the following theorem

Theorem. Assume that (E,7,p) satisfies (%), p splits in K/Q and E has super-
singular reduction at p, then conjecture A and conjecture B (for € = E, F = K
and l = p) are equivalent.
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If po is a prime of K, above p, we let K, _ denote the union of the completions
of the fields K1 C Ko C K3 C -+ at po. We now propose a third conjecture

Conjecture C. Suppose that (E,7,p) satisfies ()

(i) If E has ordinary reduction at p, then there exists a prime poo of Koo above p
such that the T'-submodule of E(K,_)/p generated by the Heegner points o,
has infinite cardinality.

(ii) If E has supersingular reduction at p and p splits in K/Q, then there exists a
prime Poo of Koo above p such that the T'-submodule of E(K,_)/p generated
by the Heegner points aa, and the I'-submodule of E(K,_ )/p generated by the
Heegner points agnq1 are both of infinite cardinalities.

If one replaces K,_ in the above conjecture with the global field K, then the
conjecture becomes true. This can be shown using the results of Cornut [11] and
Cornut and Vatsal [12] (see theorems 3.1 and 4.1 of [23]). Therefore, the conjecture
is a local analog of this global result.

The relationship between conjectures B and C is given in the following theorem

Theorem. Assume that (E,m,p) satisfies (%) then we have

(a) If E has ordinary reduction at p, then conjecture C(i) and conjecture B (for
E=E, F=K andl =p) are equivalent.

(b) If p splits in K/Q and E has supersingular reduction at p, then conjecture C(%i)
and conjecture B (for € = E, F = K and l = p) are equivalent (and hence also
equivalent to conjecture A by the previous theorem).

The final result of this paper concerns the p-invariant of the Pontryagin dual of
Sely (E/K ) which we denote by Selye (E/K ) (see section 2 for a definition
of Selye< (E/K+)). Using the method of proof of [23] we will show

Theorem. Suppose that (E,m,p) satisfies (x) then we have

(a) If E has ordinary reduction at p, then Selys (E /Koo )M has A-rank equal to 1
and p-invariant equal to zero.

(b) If p splits in K/Q, E has supersingular reduction at p and conjecture C(ii) is
true, then Sely~(E/Kx )% has A-rank equal to 2 and p-invariant equal to
zero.

Using the results of Wuthrich [32], we end this paper in section 4 by giving
examples veryfiying conjecture B.

2. DEFINITIONS AND CONTROL THEOREMS

2.1. Definitions. In this section we recall the definition of the Heegner points as
well as the definition of the Selmer and fine Selmer group.

Let E be an elliptic curve defined over Q. We fix a modular parametrization
7 : Xo(N) — E which maps the cusp oo of Xo(N) to the origin of F (see [30] and
[3]). Assume that every prime dividing N splits in K/Q (condition (x)-i). It follows
that we can choose an ideal N such that Ox /N = Z/NZ. Let m be an integer
that is relatively prime to Ndg and let O,, = Z + mOg be the order of conductor
m in K. The ideal N,, = N N O, satisfies O, /N, = Z/NZ and therefore the
natural projection of complex tori:

C/Op, — C/N!
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is a cyclic N-isogeny, which corresponds to a point of Xo(N). Let a[m] be its image
under the modular parametrization 7. From the theory of complex multiplication
we have that a[m] € E(K[m]) where K[m] is the ring class field of K of conductor
m.

If we assume that the class number of K is not divisible by p (condition (x)-ii),
it follows for any n that K[p"*!] is the ring class field of minimal conductor that
contains K,,. We now define o,, € E(K,) to be the trace from K[p"*!] to K,, of
afp 1.

Let R,a, denote the R,-submodule of H'(K,, E[p]) generated by the image of
a, under the Kummer map

E(K,) — H'(K,, E[p)).

If we assume that Gal(Q(E[p])/Q) = GL2(F,) (condition (*)-iii), then by corol-
lary 2.4 of [23] we have E(Ko)[p>] = {0}. This implies that the restriction map
form>n

H' (K, E[p]) = H' (K, Elp))

is injective and therefore allows us to view R, a,, as a submodule of H'(K,,, E[p]).

Assume that E has good ordinary reduction at p and condition (*)-iv is met.
Then we have (see [1] prop 2.1.4) Trg, ., /k, (@ny1) = uay, for some unit v € R,,.
This implies that R,a, C R,+10,4+1 and so we may construct the direct limit
hﬂRnan.

Now assume that F has good supersingular reduction at p > 5. In this
case one can show that Trg /K, (@ni1) = —an—1. This then implies that
R,a, C Rpi2a,+2 and so we may construct the direct limits @Rgnagn and
lngn-s-lOéQm-l

Let us now define the Selmer groups we will be working with: If L/Q is any
algebraic extension and E is an elliptic curve defined over L, we let Sel,(E/L)
denote the p>°-Selmer group of E over L defined by

0 — Sely~ (E/L) — H'(L, E[p™*]) — [[ H' (L., E)[p™).
We will also be working with the p-Selmer group Sel,(E/L) defined by

0 — Sel,(E/L) — HY(L,E[p —>HH (Lo, E)[p

We now repeat the definition of the fine p*-Selmer group from the introduction.
Assume that p is an odd prime, F' a number field and F is a an elliptic curve defined
over F'. Let S be a finite set of primes of F' containing all the primes dividing p and
all the primes where F has bad reduction. We let Fig be the maximal extension of
F unramified outside S. Suppose now that L is a field with I C L C Fg. We let
Gs(L) = Gal(Fs/L) and Sp, be the set of primes of L above those in S. We define
the fine p*°-Selmer group of F/L as
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0 — Ry~ (E/L) — H'(Gs(L),E[p™]) — [ H'(Lv, Ep™]).
veES
The definition of Rpe(E/L) does not depend on the set S. In fact, one can show
that for any set S as above we have

0 — Ry (E/L) — Sely=(E/L) — [ [ H' (Lo, E[p™)).
vlp
We also define the fine p-Selmer group of E/L whose definition may depend on
the set S. It is defined as

0 — RS(E/L) — H'(Gs(L), E[p)) — [ H"(Lv, Elp)).
veES,

2.2. Control Theorems. In this section we prove two Iwasawa-theoretic control
theorems: one for the p-Selmer group and another for the fine p-Selmer group
First we need the following proposition

Proposition 2.1. Let M be a finitely generated A-module. Consider the A-module
M+ = Homg(M,A). Then M™" is a free A-module with the same rank as M and
we have an isomorphism M™ = I&H(M dualn yphere M 498!l = Hom(M, F,) is the

n
Pontryagin dual of M and the inverse limit is with respect to the norm maps.

Proof. The proof is basically the same as [27] 2.2 lemma 4. The fact that M is a
free A-module with the same rank as M is clear. As for the second statement we
have the following isomorphisms

M™" = Homg (M, A)
= lim Homy (M, F, [G,,])

~ @ Homy (g, (Mr,,,Fy[Gn])
& lim Homg, (Mr,,, Fp) = lim(M duel)fe

The last isomorphism above is induced by the isomorphism

Homﬂ“p (MFTL’FP) = Hom]Fp[Gn](ManFP[Gn]): P = (33 — deGn w(g_l )g)
[l

We also need the following lemma

Lemma 2.2. If X = l'glMi is the inverse limit of finite groups of bounded order,
then X is finite.

Proof. Giving the groups M; the discrete topology makes X a profinite group. Since
the groups M; have bounded order, therefore it follows from [31] prop 1.1.6(b) that
all open subgroups of X have bounded index. Since every nontrivial profinite group
contains a proper open subgroup and since open subgroups of profinite groups are
themselves a profinite group therefore the indexes of the open subgroups in an
infinite profinite group must be unbounded. It follows that X must be finite. O
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Assume that (E, 7, p) satisfies (*) and S is a finite set of primes of K containing
all the primes dividing p and all the primes where E has bad reduction. We now
define Xﬁp(E/KOO) = @Rf(E/Kn) where the inverse limit is taken over n with
respect to the corestriction maps. Also define Yf*?p(E/KOO) = @RS(E/KOO)F"
where the inverse limit is taken over n with respect to the norm maps.

The restriction maps res : RS (E/K,) = Ry (E/Ks)'™ induce a map

E: X7, (BE/Ky) = YP (E/Ku).

We now have the following control theorem

Theorem 2.3. Assume that (E,m,p) satisfies (x). If S is the set of primes of K
dividing Np then the map = : Xﬁp(E/KOO) — Yf*?p(E/Koo) is an injection with
finite cokernel.

Proof. Let S, be all the primes of K,, dividing S and S, all the primes of K,
dividing S and consider the following commutative diagram

0 —— RS(B/Ko)'r —— HY(Ko, Elp))' —= @ H' (Koo, Elp))T (1)

VES
wsn )l\hn Wgn

0—— RS(B/Kyn) ——— HY (K, Ep)) —2— @ H'(Kn., Elp])

vESy
Taking the inverse limit of the groups in the top row with respect to the norm
and the groups in the bottom row with respect to corestriction, we obtain the
following diagram

00— YF,(B/Kn) — lim H' (Koo, Blp)) ™ —"—lim @ H' (K, Elp))"™

00— X§ (E/Kue) —— lim H' (K, Elp]) —— lim @ H'(K,,.. Elp])

vES,
(2)
By [23] corollary 2.4 we have that F(K)[p™] = {0} and so both
HY(T,,, E(Ks)[p™>®]) and H?(T',,, E(K)[p™]) are trivial. This implies that the
maps h,, in the diagram (1) above are isomorphisms which in turn implies that
the map Z’ in the diagram (2) is an isomorphism. Therefore by applying the snake
lemma to the diagram (2) we see that Z is an injection and coker Z = img 1 Nker ="
so the proof will be complete if we can show that ker 2" is finite.
Since we have assumed that all the primes dividing N split in K/Q, therefore it
follows from [4] th. 2 that the set Sy is finite.
Now choose an M such that #Sy; = #S. and such that for every w € S, we
have E(Ksow)[p] = E(Km.v)[p] where v is the prime of Sys below w.
Let m = #S),. For every n > M we label the primes in S,, as vy, vs, ..., v, and
the primes of S, as wi,ws, ..., wy,. We choose a labelling such that if £ > j > M
then w; € S lies above v; € Sy, lies above v; € S;. With this labelling we have
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ker2” = P lim HY(Gal(Koo,uw, /Kn,,), B(Koou,)[p])

i=1n=M

where the inverse limit is taken over n with respect to the corestriction maps.

For any n > M and any ¢ we have Gal(Koow,/Kny,) =
I',, therefore if g is a topological generator of I' we have
Hl(Gal(Koqwi/K ) E(Keow))p]) = %(Koqwi)[p]/(gpn — 1E(Koo,u:)[p]
but E(Koow,)lp] = E(Kuw)pl so (¢ — DE(Kww)lpl = {0} ie
HYGal(Keow; /Knw,), E(Ksow;)[P]) = E(Koow,)[p]. For n’ > n > M one
can check that the corestriction map from H'(Gal(Koow,/Kn' v;)s E(Koow:)[p])
to HY(Gal(Koow,/Knv; )y E(Koow,)[p]) is the identity map on F(Kx u,;)[p] hence
Jim HY (Gal(K oo w; /Knv,), E(Keow:)[P]) = E(Koo,uw,)[p]. This shows that ker ="
n>M
is finite which completes the proof. O

Corollary 2.4. Assume that (E,m,p) satisfies (x). If S is the set of primes of
K dividing Np then RS (E/Kuyo)™ and Xﬁp(E/Koo) are both finitely generated
A-modules and coranky (Ry (E/K)) = ranky (X (E/K)).

Proof. By [22] th. 4.5 we know that Sely (FE/Ky )% is a finitely generated A-
module. Since E(K)[p™] = {0} by [23] corollary 2.4, therefore we have an iso-
morphism Sel,(E/K+) = Sel,~(E/Kx)[p] and so Sel,(E/K. )M is a finitely
generated A-module. The same then holds for RS (E/Ky )" since Ry (E/Ko) C
Sel,(E/Ks) so by proposition 2.1 Yffp(E/Koo) is also a finitely generated A-
module. Since by the control theorem we have an injection X }9 SE/Ko) —
Yfp(E/K ), therefore we also have that XS o(E/Ko) is a finitely generated A-

module. The corollary now follows from the control theorem and proposition
2.1. O

We now define X; ;,(E/Kx) := lim Sel, (E/Ky,) where the inverse limit is taken
over n with repect to the corestriction maps. Note that we have chosen to put an
“s” in the subscript so that the reader does not confuse this group with the group

X,(E/Kx) in [23] which was defined in a different way.

We also define Y; ,(E/ K ) = lim Sel,(E/ K )F where the inverse limit is taken
over n with respect to the norm maps.

The restriction maps res : Sel,(E/K,) — Sel,(E/K)"" induce a map

2 X p(E/Koo) = Y p(E/Kso).

We will now prove an Iwasawa-theoretic control theorem for the p-Selmer group.
The theorem can be thought of as a “mod p” analog of theorem 2.10 in [23].

Theorem 2.5. Suppose that (E,m,p) satisfies (x). Consider the map = induced by
restriction

E: X p(E/Ko) = Y p(E/Koo).

(a) If E has ordinary reduction at p, then Z is an injection with finite cokernel.
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(b) If E has supersingular reduction at p and p splits in K/Q and conjecture C(ii)
is true, then Z is an injection and ranky(coker Z) < 2.

Proof. First we prove part (a): Assume that F has ordinary reduction at p.
From Mazur’s control theorem ([24]; see also [15] and [16]) using the fact that
E(K)[p™] = {0} ([23] corollary 2.4) we get that for any n the restriction map

res,, : Selye (E/K,,) — Selyoe (E/ Koo)'

is an injection with finite cokernel of bounded order as n varies. Since F(K)[p™] =
{0}, therefore for any n we have an isomorphism Sel,(E/K,) = Sel,=(E/K,)[p]
and an isomorphism Sel,(E/K.) — Sely~(E/Kx)[p]. Therefore for any n the
restriction map gives an exact sequence

res,, : 0 — Sel,(E/K,) — Sel,(E/Ky )" — C,, — 0

where (), is finite and of bounded order as n varies. Part (a) then follows from this
by taking inverse limits and using lemma 2.2.

Now we prove part (b). The proof of this part is very similar to the proof of
theorem 2.10(b) in [23]. Assume that E has supersingular reduction at p, p splits in
K/Q and conjecture C(ii) is true. Define S = {p}U{l prime : [|N}. For any n, with
this set S, we define S, to be the set of primes of K,, above those in S and S, to
be the primes of K., above those in S. Now define Kg to be the maximal extension
of K unramified outside S, Gs(K,,) = Gal(Kg/K,) and Gg(K~) = Gal(Kg/Kx).
Note that since we have assumed all the primes dividing N to split in K/Q, therefore
it follows from theorem 2 of [4] that the set S is finite.

For any K, it is well-known that the p-Selmer group Sel,(E/K,,) may be defined
as

0 — Sel,(E/K,) — H'(Gs(Ky,), Elpl) — ] H' (Koo B)lp)-
vESy,
We may also define Sel,(E/K,) as

0 — Sel,(E/K.) — H(Gs(Kw), E[p]) — H HY (Ko, E)[p).
VES

For any n consider the following commutative diagram:

0—— Sel,(B/Koo)'" —— HY (Gs(Kx), Elp])tn Y=, @D HY K., B)[p)'"

VES

0— Sel,(E/K,) — HY(Gs(K,), E[p]) _ @ H' (K., E)[p]
vESy
3)
The vertical maps in the above diagram are restriction. Let us note a few things
related to this diagram:
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(1) The maps h, are isomorphisms: This follows from the fact that
H'(Tp, E(Kso)[p™]) and H?*(T,,E(K.)[p™]) are both trivial because
E(K)[p™] = {0} ([23] corollary 2.4).

(2) For any v € Se above p we have H' (K ,, E)[p] = {0}: The result follows
from [7] cor. 3.2 as explained in [15] pg. 70. Note that the fact that E has
supersingular reduction at p is crucial for this result.

(3) For any v € S, not dividing p we have that H'(K, ,, E)[p] is finite and
of bounded order as n varies: This follows from 2 facts. First, by Tate duality
for abelian varieties over local fields ([25] cor. 3.4) we have that H'(K,, ., E)[p|
is isomorphic to the dual of E(K, ,)/p. Secondly, if [ is the rational prime lying
below v, then by Mattuck’s theorems we have that E(K,,) = Z¢ x T where
d= [ no - Q] and T is a finite group. Therefore it follows from these 2 facts that
HH (K, o, E)p] < 1.

(4) Let py and ps be the primes of K above p. Since we have assumed that the
class number of K is relatively prime to p, therefore both p; and po are totally
ramified in Ko /K. So in particular there are only 2 primes p, 1 and p,, 2 of K,
above p and 2 primes po,1 and P2 of K above p.

Let Soo = Soo\{Poo.1;Poc.2} (see (4)). Taking the points (2)-(4) into considera-
tion, we take the inverse limit of the objects in the diagram above over n (using the
corestriction map for the bottom row and the norm map for the top row) to obtain
the following diagram where the group 7T is finite (using point (3) and lemma 2.2)

0 —— Y (B/Ko) —— lim H' (Gs(Koo), Elp))' —2— ®

0—— X, p(E/Koo) —— Im HY(Gs(Ky), E[p]) —— T x @ ImHY(K,, ,, E)p]

(4)
To ease the notation, in the above diagram we have denoted K, ,,, by Ky, ;.
Applying the snake lemma to this diagram we get

0 — kerZ — ker =/ — ker Z” Nimg1 — coker Z — coker =’

From point (1) above, it follows that Z' is an isomorphism i.e. kerZ = 0 and

coker Z = 0. Therefore from the above sequence we get that ker = = 0 as required.
We also get that cokerZ= = kerZ” N img1. Since T is finite and =" restricted
to H'(K,, ,, E)[p] is the zero map, it follows that rankz (coker ) = ranks (img ).
Therefore we must show that ranky (img) < 2. To study img1 we use the Cassels-
Poitou-Tate exact sequence (see [9]) which gives that the following sequence is exact

HY(Gs(K,), Elpl) 2 @ H (Ko, E)p] 2 Sel, (E/K,,)"!
VESy
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We take the inverse limits of the groups over n using the corestriction map. As
all the groups we are dealing with are compact Hausdorff, the resulting sequence is
also exact:

. . 0 ua.
lim 1 (Gs (K., Blp)) 5 T x @ lim H' (K, B)[p] 2 Sel, (B/Koo) ™
i=1,2
The fact that this sequence is exact means that imgy = ker 8. So to show tpat
ranky (img1) < 2 it suffices to show that rankz(ker0) < 2 or equivalently, if 0 is
the dual map, that coranky (coker 0) < 2.
By Tate local duality the dual of H'(K,,,,E)[p] may be identified with

E(Ky, ,)/p. Therefore using this fact, the map 6 becomes
0:Sel,(E/Ko) = E(Ky..,) ®F, x B(K,_,) ®F,.
This map is the usual map induced by restriction

H' (Ko, Elp]) = @ H' (Ky... ., Elp))-
i=1,2
Note that if ¢ € Sel,(E/Kw) C H'(Koo, E[p]) then its image under this map
belongs to E(K,_ ,)®F, x E(K,_,) ®F,.

To prove our result we will first calculate coranky (E(K,_ ,)®[F,). First we show
that E(K,_,)[p>*] = {0}. Since I' = Gal(K,__ ,/Q,) is pro-p, it suffices to show
that E(Q,)[p™] = E(K,_ ,)[p>]" = {0}. But since E has supersingular reduction
at p, we have E(Q,)[p™] = E(pZ,)[p>] where E is the formal group of E/Q,. The
result then follows from the fact ([29] ch. 4 th. 6.1) that E(pZ,) has no p-torsion
if p>3.

Since E(K,_ ,)[p™] = {0}, therefore, as in point (1) above, the restriction
map induces an isomorphism H*(K,, ., E[p]) = H*(K,_,, E[p])'". In addition
from the local Euler-Poincaré characteristic ([26] VII 7.3.1) and Tate local duality
([26] VII 7.2.6) together with the Weil pairing we have dimg, (H'(K,, ., E[p])) =
2p"+2dimg, (E(K,, ,)[p]). But E(K,, ,)[p] = {0} and so dimg, (H'(K,, ,, E[p])) =
2p™.  Therefore we have shown that corankz(H'(K,_,, E[p])) = 2. But by
point (2) above E(K,_,) ® F, is isomorphic to H'(K,_ ,, E[p]), so we also have
coranky (E(K,_ ,) ® Fp) = 2.

i

It follows that we have
coranky (E(Kp ) @ F, x E(K,_,)®F,) =4.

Therefore to show that coranky(coker é) < 2 we only need to show that
coranky (img 6) > 2. This follows from conjecture C(ii) as is explained in the proof
of theorem 3.3 in the next section: Consider the subgroup M := ligRgnOQn +
h_n>1R2n+1a2n+1 C Sel,(E/Ks). The proof of theorem 3.3 shows that if conjecture
C(ii) is true, then for ¢ = 1 or ¢ = 2 the image of M under the map (induced by
restriction)

E(Ky)®F, - E(K,_,)®F,
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has A-corank greater than or equal to two. This implies the result.
O

Corollary 2.6. Assume that (E,,p) satisfies () then both Sel,(E/Ks) 9" and
X p(E/Kw) are finitely generated A-modules

(a) If E has ordinary reduction at p, then coranky(Sel,(EF/Ky)) =
ranky (X, ,(E/Kx)).

(b) If E has supersingular reduction at p, p splits in K/Q and conjecture C(ii) is
true, then coranky (Sel,(E/Ks)) < ranky (X p(E/Ko)) + 2.

Proof. By [22] th. 4.5 we know that Sel,~(FE/Ky )% is a finitely generated
A-module. Since E(K)[p>®] = {0} by [23] corollary 2.4, therefore we have an
isomorphism Sel,(E/Ks) = Sely~(E/Ks)[p] and so Sel,(E/K )M is a fi-
nitely generated A-module. Therefore by proposition 2.1, Yffp(E /K) is also a
finitely generated A-module. Since by the control theorem we have an injection
X7 (B/Ky) < E/f“?p(E/KOO)7 therefore we also have that X7 (E/Ky) is a fi-
nitely generated A-module. The corollary now follows from the control theorem
and proposition 2.1. O

3. PROOFS OF MAIN THEOREMS

Before proving the theorems listed in the introduction we record the following
theorem which is essentially the main result proven in [23]
Theorem 3.1. Assume that (E,m,p) satisfies (x). Then we have

(1) If E has ordinary reduction at p, then ranky (X, ,(E/Ko)) < 1.
(2) If E has supersingular reduction at p, p splits in K/Q and conjecture A is
true, then X, ,(E/K) = {0}.

Proof. In section 2.3 of [23] (using the notation in that paper) we constructed a map
P 2 limg H (K e, E)[p] — X, (E/Kx ) as follows: First by Tate local duality we
have an isomorphism

ling(Kn)@,E)[p] = QiLnE(Kn’Z)/p)dual.

Next for any n we have a restriction map res, : Sel,(E/K,) — E(K,¢)/p. Taking
inverse limits gives a map

resg : X p(E/Koo) = @E(Kn’g)/p
Dualizing this map and using the Tate duality isomorphism we get a map
W 2 lim HY (Ko, B)[p] = X p(B/Koo)™.
Since X,(E/K) injects into X, ,(F/Ks), therefore we have a surjection

X p(BE/Koo)® — X, (E/Ko)®8! and so composing the map 1/, with this surjec-
tion we get our desired map

W i H (K0, B)p] = X (B Koo) ™.
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If we work with the map 1, rather than 1, we obtain results identical those in [23]
where the group X,(E/Ks) gets replaced by X, ,(F/Ks) so proposition 3.7 in
the ordinary case gives that rankz (X ,(E/K)) < 1 and in the supersingular case
the proof of theorem B in section 4 gives that X, ,(E/K) = {0}

However the reader should be aware of one important detail. In the beginning
of sections 3 and 4 in [23] we noted that the statements of theorems A and B were
invariant under isogeny and therefore it would suffice to assume that E is a strong
Weil curve with a modular parametrization 7 : Jo(N) — E having a geometrically
connected kernel. This was important to apply the results of Cornut [11] which
require that p does not divide the number of geometrically connected components
of the kernel of the modular parametrization.

Regarding the theorem that we are proving the author has not been able to
prove that it is invariant under isogeny and therefore we cannot pass to a strong
Weil curve as we did in [23] but as (F,w, p) was assumed to satisfy (x), therefore
p does not divide the number of geometrically connected components of the kernel
7 : Jo(N) — E and therefore the results of Cornut [11] apply to E without the need
to refer to a strong Weil curve. Also we have assumed in the supersingular case
that conjecture A is satisfied (rather than conjecture A* in [23]) so we may work
with the elliptic curve E directly rather than working with an isogenous strong
Weil curve. O

We now prove the theorems in the introduction

Theorem 3.2. Assume that (E,m,p) satisfies (x), p splits in K/Q and E has
supersingular reduction at p, then conjecture A and conjecture B (for€ = E, F = K
and l = p) are equivalent.

Proof. Assume that (F,m,p) satisfies (x), p splits in K/Q, E has supersingular
reduction at p and conjecture A is true. Let S be the set of primes of K divid-
ing Np. Since for any n we have that RS (E/K,) is contained in Sel,(E/Kp),
therefore X7 (E/Ko) is contained in X, ,(E/Ks). But the latter group is
trivial by theorem 3.1 and so X f o(E/Kx) is trivial as well. Therefore it fol-
lows from corollary 2.4 that R (E/Ks) is finite. Now consider the natural map
RJ(E/Ko) = Ry (E/Ko)[p]. We claim this map has a finite cokernel.

This follows from 3 facts. First, by [23] corollary 2.4 we have E(K)[p™>] =
{0} and therefore it follows that we have an isomorphism H'(K.., E[p]) =
HY (Ko, E[p™])[p]. Secondly, since we have assumed that all the primes divid-
ing N split in K/Q it follows from theorem 2 of [4] that the set of primes of K
above S is finite. Finally, it is easy to prove that for any prime v of K, we have
the kernel of the natural map H'(Ko ., E[p]) = H (Koo, E[p™])[p] is finite.

The fact that the map Ry (E/Ku) — Ry (E/K)[p] has a finite cokernel fol-
lows easily from these 3 facts. Therefore since Rg (F/Ky) is finite, we have that
Ry (E/Kso)[p] is finite i.e. Rp~(E/K) is cofinitely generated over Z, which
proves conjecture B in this case.

Now assume that (F,m,p) satisfies (x), p splits in K/Q, F has supersingular
reduction at p and conjecture B is true. Let us first make a few definitions. Let p;
and py be the 2 primes of K above p. Since we have assumed that the class number
of K is prime to p therefore both p; and ps are totally ramified in K.,/K. So in
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particular there are 2 primes p, 1 and p, 2 of K, above p and 2 primes p.,,; and
Poo,2 of Koo above p. We will denote the completion of K, with respect to p, ; by
Ky, , and we let K, be the union of the completions K, ;. Following Kobayashi
[20], we define the following subgroups of E (K, ;)

EY(K,,,) ={z € E(K,,,) | Try/ms1(x) € E(K,,, ) forevenm: 0 <m < n}

E™(Ky,,) ={z € E(K,,,) | Tty pmii(x) € E(K,,, ;) foroddm: 0 <m <n}.

n,i n,i m,i

We then define ET(K,_,) = Upen ET(Kp,,) and E-(K,_,) =
UneN E_(Kpn,i)'

We now analyze the intersection of ET(K,_ ) ®F, and E~(K,_ ,) ® F, where
we view both of these groups as subgroups of E(K,__ ;) ® F,. By a proof which is
identical to that of lemma 2.6.5 of [6], using a result of Iovita and Pollack [19], we
have

E+(Kpoo,i>®Fme_(Kpao,i) QFp = E(Qp) QF, (5)

We now define some Selmer groups. First let S be the set of primes of K above
p and above all the primes dividing N. We let Kg be the maximal extension of
K unramified outside S. For any field F' with K C F C Kg we let Gg(F) =
Gal(Kg/F) and we let Sp be the set of primes of I that lie over a prime of S.

Let SK(X, = Sk..\{Pco.1,Poc,2}. Since we have assumed that all the primes
dividing N split in K/Q, therefore it follows from theorem 2 of [4] that the set Sy _
is finite.

Recall that the p-Selmer group of E over K, is defined as

0 — Sel,(E/Ko) — H'(Gs(Kw). Elp)) — []

H' (K0, Elp])
VESK °

E(Kooy) ®F,

Following Kobayashi [20], we define the even (odd) p-Selmer group of E over
K, as

Hl(KPocyivE[p])

0 — Sel,™(E/Ko) — Sely(E/Ks) — [] EX(K,_,) ®F,
o0l p

i=1,2
We also define

0 — Sell (B/K.) — Sel,(B/Kx) — [] W

i=1,2

We are now ready to show that conjecture A is true in this case. According to
theorem 4.1 of [23] neither ligRgnOan nor ligRgnHagnH is A-cotorsion. Therefore
the conjecture will be proven if we show that lim Ra, a9, Nlim Roj,+102,41 is finite.

Since Trg, ., /k,(@ny1) = —an_1 therefore we have that resp, a2, €
ET(Ky,,,) and resp, ., onp1 € E7(Ky,, ., ,). This implies that lim Ropovon ©
Sel, " (E/K) and lim Rop y10n41 S Sel,  (E/K) and so it suffices to show
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that Sel,™ (EF/K.) N Sel,” (F/K.) is finite. But by (5) above this intersection
is Sel)(E/K).
Now define

LK) =][E@) @F,x [ E(Keow)@F,.
i=1,2 vES K.,

We claim that this group is finite. First of all, by Mattuck’s theorem we have
that £(Q,) = Z, x T where T is finite group. Therefore E(Q,) ® F,, is finite. Now
letvel k., and let [ # p be the rational prime below v. For any n we will also let v
denote the prime of K, below v. By Mattuck’s theorem we have E(K,, ,) =2 Z] xT
where 7 is some integer and 7 is a finite group. Therefore #(E(K, ,) ® F,) < p*.
It follows that E(K ) @ F, is finite. Since SKOC is finite, we have shown that
L(K) is in fact finite.

Now consider the following commutative diagram

0 ——— HY(Gs(Kx), Elp]) ———— H(Gs(Kx), Elp])) ————0

J |

0 —— L(Koo) — [ [ H (Koo, Ep)) —— [ [ H' (Koo Elp)/£(Kos) —— 0
VESK o VESK

(6)

Applying the snake lemma to this diagram we get an exact sequence
s 1
0 — Ry (E/Kx) — Sel(E/Ky) — L(Kw)

Since L£(K ) is finite, the exact sequence shows that Rf; (F/K) is finite if and only
if Sel;(E/KOO) is finite. Therefore it suffices to show that Ry (E/K) is finite. To
show this, we note that by [23] corollary 2.4 we have E (K )[p™] = {0} from which
it follows that the natural map Ry (E/Ku) — Ry (E/Ko)[p] is an injection. Since
Ry~ (E/Ks) is cofinitely generated over Z,, therefore Ry (E/Ko)[p] is finite.
This in turn implies that R} (E/Ky) is finite which completes the proof. O

Theorem 3.3. Assume that (E,m,p) satisfies (x) then we have

(a) If E has ordinary reduction at p, then conjecture C(i) and conjecture B (for
E=E, F=K andl =p) are equivalent.

(b) If p splits in K/Q and E has supersingular reduction at p, then conjecture C(ii)
and conjecture B (for E = E, F = K and l = p) are equivalent (and hence also
equivalent to conjecture A by the previous theorem).

Proof. First we prove (a): Assume that E has ordinary reduction at p and con-
jecture C(i) is true. Consider the module lim Ry C Sel,(E/K). By [23]
theorem 3.1, theorem 3.1 and corollary 2.6 we have that both li_I)anOén and
Sel,(E/K ) are finitely generated A-modules and that corankg (lim Rpor) > 1 and
coranky (Sel,(F/K)) < 1. Since lim Ry, o is contained in Sel,(E/Ks), therefore
it follows that both their A-coranks must be equal to one.

Now let S be the set of primes of K dividing Np. By the same argument in
the proof of theorem 3.2, we have that Rﬁ(E/KOO) — Ry (E/K)[p) has a finite
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cokernel and therefore to prove conjecture B we only have to show that R (E/Ko)
is finite. Since RS (E/Ks) C Sel,(E/K) and both lim Rya, and Sel,(E/Kx)
have A-coranks equal to one, therefore it is is easy to see that the finiteness of
RY(E/K) will follow if we can show that M := lim Ry c, N R (E/K) is finite.

Assume on the contrary that M is infinite. Since finitely generated torsion
A-modules are finite and corankx(li%m R,a,) = 1, therefore M must also have A-
corank equal to one. Therefore hﬂ Ry, /M is finite and so is annihilated by g?" —1
for some m € N where g is a topological generator of I i.e. (gP" — 1) liﬂRnan C
RI(E/Kx).

Let p be a prime of K above p. Since we have assumed that the class number
of K is prime to p, therefore p is totally ramified in K,/K. For any n let p, be
the prime of K, above p. Since (¢?" — 1) lim Ry v, © RJ(E/Ky), therefore by
the definition of the fine p-Selmer group we have (g?" — 1) lim R, resy,, o, = 0 and
so lim R,, resy, o, is A-cotorsion. This contradicts conjecture C(i) which completes
the proof of the forward implication of part (a) of the theorem.

Now assume that F has ordinary reduction at p and conjecture B is true. We
must show that conjecture C(i) is true. Arguing by contradiction, assume that
conjecture C(i) is false i.e. that for every prime po, of K4 above p the I'-submodule
of E(K,_ )/p generated by the Heegner points «, is finite. Let S be the set of primes
of K dividing Np and let g be a topological generator of I'. We claim that there
exists a k € N such that (¢"" — 1) lim Ry, € RS (E/Ko). From the definition of
RE(E/KOO), to show this, we need to prove that there exists a k € N such that for

all s € lim R, av, we have resv((gpk —1)s) = 0 for any v € Sk__. Note that since we
have assumed that all the primes dividing N to split in K/Q therefore it follows
from [4] th. 2 that Sk__ is finite.

Let v € Sk, be a prime not dividing p. Since the set Sk __ is finite, therefore the
decomposition group of v in I' is nontrivial and so is of the form I'*" for some m.
Now let s € lim R,,cp,. Then res,(s) € E(K,)/p and we claim that E(Ko ,)/p is
finite. To see%ﬁs, let [ # p be the rational prime below v. For any n we will also let
v denote the prime of K, below v. By Mattuck’s theorem we have E(K,, ,) = Z] xT
where 7 is some integer and 7 is a finite group. Therefore #(FE(K,,,)/p) < p*. It
follows from this that E(K,,)/p is in fact finite as claimed. The decomposition
group I'*" acts on the finite group E(Koov)/p so there exists k, > m such that
(g7"" — 1)E(Kusoo)/p = 0. It follows that we have res,((g?" — 1)s) = (¢*"" —
1) res,(s) = 0.

Now let v € Sk_ be a prime above p. Since we have assumed that the class
number of K is relatively prime to p, therefore every prime of K above p is totally
ramified in Ko /K. Let s € lim R,c,. Since conjecture C(i) is false therefore
the I'-submodule of E(K . )/p generated by the points «,, is finite and so there
exists k, € N such that gpk” — 1 that annihilates this submodule. It follows that
res, (g7 —1)s) = (¢""" — 1) res,(s) = 0.

We have shown that for every v € Sk __ there exists k, € N such that resv((gpkv -
1)s) =0 for any s € lim R,ap,. Then taking & to be the maximum of the integers

k, we get resv((gpk —1)s)=0forall s € lim Ry, and any v € Sk . This implies
that (g?" —1) lim Ry o, © RS(E/KOO) as desired. By theorem 3.1 of [23], lim Ry, a,
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has A-corank greater than or equal to one. Therefore (gP" —1) limy Ry, v, also has A-
corank greater than or equal to one and as this group is contained in Rf; (E/K) it
follows that RE(E/KOC) is infinite. Now by corollary 2.4 of [23], F(K)[p>°] = {0}
so the natural map RS (E/Ky) — Ry (E/Ko)[p] is an injection. This proves that
Ry (E/Koo)[p] is infinite i.e. that Ry~ (E/K) is not cofinitely generated over Z,.
This contradicts our assumption that conjecture B is true which thereby proves the
backward implication of part (a).

We now prove part (b): First we prove the forward implication. Assume that
p splits in K/Q, E has supersingular reduction at p and conjecture C(ii) is true.
Then there exists a prime po, of K, above p such that both hgl Ry, resy,,, o, and
liglen_H resp,,., Qop1 are infinite (where p,, be the prime of K, below p.). In
what follows let K, be the completion of K, with respect to p,,.

To prove conjecture B is true, it suffices by theorem 3.2 to prove that conjec-
ture A is true. To prove this, it clearly suffices to show that ligRQn resp,, Oon +
@R%H reSp,, ., Q2n41 has A-corank greater than or equal to two (note that both
li_n)len resp,, (2p and h_n)l Ropiiresy,, ., aany1 are cofinitely generated A-modules
since both @Rgnagn and ligRgnﬂagnH are cofinitely generated A-modules by
the argument in theorem 4.1 of [23]).

Since finitely generated torsion A-modules are finite, therefore conjecture C(ii)
implies that both lim Ry, res,,, a2, and @R2n+1 resy,, , Q2,11 have A-coranks
greater than or equal to one so to prove conjecture A we only have to show that
X = MRQn resp,, Qop N liﬂRgnH resp, ., Qan+1 is finite. To show this, we use
the same argument as in theorem 3.2.

Following Kobayashi [20] we define the following subgroups of E(K,,)

EY(K,,) :={z € E(Ky,) | Try/mi1(x) € E(K,,,) for evenm: 0 <m < n}

n m

E~(Ky,) ={r € E(K,,) | Tty mi1(2) € E(K,,,) foroddm : 0 <m < n}.

We then define BV (K, ) == U, ey E7(Kp,) and E~(Kp ) == U,en B~ (Kp,)-

We now analyze the intersection of E* (K, _)®F, and E~(K,_ ) ®F, where we
view both of these groups as subgroups of E(K,_)® [F,. By a proof identical to
that of lemma 2.6.5 of [6], using a result of Iovita and Pollack [19], we have

ET (K, )®F,NE™ (K, _)®F,=EQ,) ®F,.

Since Trg,,, /K, (ant1) = —an—1, therefore it follows that lim Ry resp,, aon
Et(K,_) and lim Rop 1 resp,, ., 2ns1 C© E7 (K, ) so we have

X C E+(Kpoo) NE (K, )=EQ,) ®@F,.

But by Mattuck’s theorem, E(Q,) = Z, x T where T is a finite group. Therefore
E(Q,) ®F, is finite which in turn makes X finite. This completes the proof of the
forward implication of part (b).

Now assume that p splits in K/Q, E has supersingular reduction at p and con-
jecture B is true. We will prove that backward implication i.e. that conjecture
C(ii) is true. The proof goes along the same lines as the backward implication of
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part (a), however since we have to deal with the Heegner points g, and the points
Qon41 separately the proof is not as straightforward.

Arguing by contradiction, assume that conjecture C(ii) is false. Since p splits
in K/Q and the class number of K is prime to p therefore there are 2 primes p
and P of K above p. Since conjecture C(ii) is false, either the I'-submodule of
E(K,_)/p generated by the points aa,, or the I'-submodule generated by the points
Qon 41 1s finite. Let us assume that the the former submodule is finite (if the former
submodule is infinite and the latter is finite our proof will be very similar). Then
there exists an k € N such that (gpk —-1) liﬂRgn resp,, Qon = 0 (P, is the prime of
K, below pso).

Now let S be the set of primes of K dividing Np. We claim that for some
m € N we have (g7 — 1) lim Rop cron C R3J(E/Ku). By the proof of the backward
implication of part (a), we see that to prove this it suffices to show that resq,((gpk —
1)s) =0 for any s € @Rgnagn any v € {Poo, Poo}- Let 7 be a complex conjugation
of K so that Tpse = Poo. Since (gpk — 1)11&R2n resp,, qon = 0, therefore for
any s € lim Ronag, we have respm((gpk —1)s) = 0 so we only have to show that
resﬁm((gpk —1)s) =0.

The automorphism 7 induces a “change of group” automorphism 7, on
H'(Ko, E[p]) and an isomorphism 7. : HY(K,_, E[p]) - H'(Ks..,E[p]). For
any s € H' (K, E[p]) we have resp__ (7.(s)) = Tx(resp__ (s)). From this we see that
to show that resﬁw((gpk —1)s) =0for all s € lim Ry vz, we only have to show
that (gpk -1 hﬂRQnOéQn is T-invariant.

Let M = @Rgnagn and denote for any t € N the group rr' by T';. Clearly
to show that (7" — 1)M is 7-invariant it suffices to show that (g — )P M =
(gpk —1)M?'* is 7-invariant for any ¢ (note that (g — 1)pk =g¢"" —1 mod p). Recall
that 7g7 = g~1. Therefore we have 7(g— 1)pkMF‘ =(¢g7t— 1)kaMFt. Again since
TgT = g~ ', therefore it follows that 7M™+ C M"* so our desired result will follow
if we can can show that (g=! — 1)?" M™t C (g —1)?" M™+. But I'/T has order p' so
therefore (g7 — 1)pk M = (gp" =1 — 1)pk M?"¢ and the desired result follows since
g — 1 divides g?" 1 — 1.

We have shown that (g”m — 1)ligr1R2noz2n C RS(E/KOO) for some m € N. By
theorem 4.1 of [23] h_r)n Ry, a9, has A-corank greater than or equal to one. Therefore
( g*" - 1) h_r>n Ry, 9, also has A-corank greater than or equal to one and as this group
is contained in Rg (E/Kw), it follows that Rf; (F/Ko) is infinite. Now by corollary
2.4 of [23] E(Ko)[p™] = {0} so the natural map RS(E/KOO) — Ry (E/Koo)[p] is
an injection. This proves that Ry (E/Ks)[p] is infinite i.e. that Rye(E/Ko) is
not cofinitely generated over Z,. This contradicts our assumption that conjecture

B is true which thereby proves the backward implication of part (b).
|

Theorem 3.4. Suppose that (E, 7, p) satisfies (x) then we have

a) If E has ordinary reduction at p, then Selyoo (E /Koo )1 has A-rank equal to 1
4 P
and p-invariant equal to zero.
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(b) If p splits in K/Q, E has supersingular reduction at p and conjecture C(ii) is
true, then Sely=(E/Ko) has A-rank equal to 2 and p-invariant equal to
zero.

Proof. Note that by theorems 3.2 and 3.3, conjecture C(ii) implies conjecture A
(also see the comments made in the proof of theorem 3.1 about conjecture A versus
conjecture A*). Therefore by theorems A and B in [23], Sel,(E/Kq )" has A-
rank 1 in the ordinary case (part (a)) and rank 2 in supersingular case (part (b)).
By corollary 2.4 in [23] we have that E(K)[p>] = {0} and therefore we have
an isomorphism Sel,(E/K) = Selye(E/Ko)[p]. From this and the value of
the A-corank of Sel,~(E/Ks), we see that to show that Sely=(E/Kq )2 has
p-invariant equal to zero we need to show that the A-corank of Sel,(E/K) is less
than or equal to one in the ordinary case (part (a)) and less than or equal to two
in the supersingular case (part (b)). This follows from theorem 3.1 and corollary
2.6. (]

4. EXAMPLES VERIFYING CONJECTURE B

In the setup for conjecture B let I' = Gal(F2 /F) and A = Z,[[']] the corres-
ponding Iwasawa algebra. Conjecture B predicts that Ry~ (€/F) is cofinitely
generated over Z;. It is easy to see that this is equivalent to both of the following
statements
(a) Ry (E/Famt)dual ig 5 torsion A-module
(b) Ry (E/Fanti)dual hag invariant equal to zero

Statement (a) is equivalent to H?(Gg(F"), E[p>°]) = 0 (see [9] lemma 3.1)
and is usually called the weak Leopoldt conjecture. It has been proven by Bertolini
[2] when & is defined over Q and [ is prime where E has good ordinary reduction
(together with some additional conditions listed in that paper). When E has su-
persingular reduction at [ and [ splits in F/Q then the weak Leopoldt conjecture is
also true. This follows from [5] theorem 3.1 and [19] theorem 6.1.

In this section we will produce examples verifying conjecture B. The examples
will be constructed using the following theorem whose proof relies fundamentally
on the work of Wuthrich [32].

Before stating the theorem, consider an elliptic curve F defined over a number
field K and let v be a prime of K. If K, denotes the completion of K at v
then, as is standard, we let Eo(K) denote the subgroup of E(K,) with nonsingular
reduction modulo v and FE;(K,) the subgroup of points in Ey(K,) that reduce to
the identity. Write ¢, = [Eo(K) : E1(K)] and write logg , : E1(K,) — K, for the
formal logarithm map. This map depends on our choice of a minimal Weierstrass
equation for E over K, but its values are well-defined up to multiplication by a
unit in O,, the ring of integers of K,. Finally, let i, : E(K) — E(K,) be the
natural embedding.

Theorem 4.1. Let E be an elliptic curve of conductor N defined over Q and let K
be an imaginary quadratic field of discriminant dx such that all the primes dividing
N split in K/Q. Let pt Ndk be an odd rational prime such that Gal(Q(E[p])/Q) =
GLy(F,). For this prime p, let Ko /K be the anticyclotomic Z,-extension of K.
Now if KI[1] is the Hilbert class field of K, then a choice of an ideal N of Ok
such that O /N = Z/NZ and a modular parametrization Xo(N) — E allows us
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to define a Heegner point y; € E(K|[1]). Let yx be the trace of this point down to

K. We make the following assumptions

(a) The Heegner point yx € E(K) has infinite order (equivalent to L'(E/K,1) # 0
by Zhang’s [34] generalization to the Gross-Zagier theorem [17] 1).

(b) p does not divide the image of the yx in E(K)/E(K)tors

(¢) For every prime v of K diwviding p we have p 1 #E(k,) (where k, is the residue
field of K, and E is the reduced curve)

(d) For every prime v of K we have pt ¢,

(e) There exists a prime v of K above p and a point P € Ny piy* (E1(Ky)) such
that ordu(logEyv(iv(P))) =1

Under the above assumptions, we have that Ry (E/Ko) is cofinitely generated

over L.

Proof. The proof of this theorem relies on the work of Wuthrich [32] on the Euler
characteristic of the fine Selmer group. First of all, let us consider the compact
version of the fine Selmer group. Let S be the finite set of primes of K dividing p
and where E has bad reduction. Let Kg be the maximal extension of K unramified
outside of S and Gg(K) = Gal(Kg/K). The compact fine Selmer group R, (E/K)
is defined by the following exact sequence

0 — R, (E/K) — H'(Gs(K), T,E) — [[ H' (K., T,E).
vlp

In the above and what follows, if M is an abelian group, then T, M will denote
its p-adic Tate module.

We claim that R, (E/K) is trivial. To see this, first note that by the proof of
lemma 3.1 in Wuthrich’s paper we have that R,(E/K) injects into T, R, (E/K)
so we only have to show that T, R, (E/K) is trivial. To prove this, note that by
[33] we have an exact sequence

0 — My (E/K) — Ry (E/K) — Ky (E/K) — 0 (7)
where M, (E/K) is defined as
0 — Mp=(E/K) — E(K)®Qy/Zp — HE(KU) ® Qp/Zy.

vlp

and MK, (E/K) is the fine Tate-Shafarevich group defined as simply K, (E/K) =
Ry (E/K)/My=(E/K). It is shown in [33] that JK,~(E/K) is a subgroup of
TI(E/K)[p™].

From equation (7) above, to show that T,R,~(E/K) is trivial it suffices to
show that both T, M, (E/K) and T,/ ,~(E/K) are trivial which we now show.
Condition (a) of the theorem implies by the work of Kolyvagin [21] that E(K) has
rank 1 and that II(E/K) is finite. Since HI(E/K) is finite and Ky~ (E/K) is a
subgroup of III(E/K)[p*°] therefore T,7K, (E/K) is trivial. As for T, M,~(E/K),
the fact that it is trivial follows easily from the definition of M, (E/K), and the
fact that the rank of F(K) is 1 and that by Mattuck’s theorem for any prime v
of K above p we have F(K,) & ZP[K"’:QP] x T where T is a finite group. Thus we

1Gross and Zagier assume in their paper that the discriminant of K is odd. This assumption
is removed by Zhang
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have shown that T,,R,~ (E/K) is trivial which as we explained above proves that
R, (E/K) is trivial.

We now return to Wuthrich’s paper [32] and refer to it for the rest of the
proof. Attached to the anticyclotomic Z,-extension Ko,/K Wuthrich defines a
p-adic height pairing (he defines a pairing for any Z,-extension of K):

(, VKo Rp(E/K) x Ry(E/K) — Q.

Since R, (E/K) is trivial, therefore the above pairing is non-degenerate. This im-
plies by theorem 6.1 in Wuthrich’s paper that Rye(E/Ko)? is a torsion A-
module where A is the Iwasawa algebra attached to the extension K., /K. Let
I' = Gal(K«/K). Choosing a topological generator v € T' allows us to identify
the Iwasawa algebra A with Z,[[T]] (via an isomorphism mapping v — 1 to T') and
so with this choice of a topological generator v we may define the characteristic
polynomial fr(T) of the torsion A-module Ry=(E/Ko ). If k is the order of
vanishing of fz(T), then define f5(0) = T=F fr(T)|r=o (Using part (2) of theorem
6.1 in Wuthrich’s paper the value of k is equal to corankz, (Rp~(E/K)). It is not
hard to show this latter value is 1). f5;(0) is called the Euler characteristic of
Ry (E/K )8! and its valuation is independent of the choice of 7.

To prove that Rpe(E/Ko )@ is finitely generated over Z, we only need to
show that f};(0) is a p-adic unit. We show this using part (4) of theorem 6.1 in
Wauthrich. Taking into account that R, (E/K) is trivial, Wuthrich’s theorem gives

* _ #Eoc ' #(RPOO (E/K)/dlv) X
il = e e (mod Z) (8)

In the above Ry (E/K)/div means the quoient of Ry~ (E/K) by its maximal
divisible subgroup. I is the cokernel of the injection R,(E/K) < T,R,~(E/K)
defined in lemma 3.1 of Wuthrich’s paper and J is the cokernel of a certain map
described in his paper. Now we turn to the description of Ty and Tjs.. In what
follows let S be the primes of K dividing Np

We have Ty, = HY(T, E(Kx)[p™]) and Tjpe = [loes HY (T, E(Koo.)[p™))-

In the description of T}, the product runs over all primes v in S where for every
such prime v we choose a prime w of K., above v. If K,, is the subfield of K, of
degree p™ over K, we denote the union of the completions of the fields K,, at w by
Ko,» and the decomposition group of w by I',.

We now calculate the orders of Ty; and Tj,.. When K, is the cyclotomic Z,-
extension of K, Wuthrich uses a result of Imai [18] which states that if FE is an
elliptic curve defined over Q, with good reduction and L/Q, is the cyclotomic
Zy-extension, then E(L)yoys is finite. Using Imai’s result allows one to give a nice
description of Ty and Tj,. in the cyclotomic case. But we cannot apply Imai’s
result in our case so instead we will show that #7¢; = 1 and that the order of Tj,.
divides the value stated in Wuthrich’s paper. This will suffice for our purpose.

First we show that the fields Q(F[p]) and K are disjoint. To see this, note that
the only primes that can ramify in Q(E[p])/Q are primes dividing Np, but since N
was assumed to split in K/Q and p not to ramify in K/Q, therefore the intersection
of Q(F[p]) and K is an unramified extension of Q and is therefore Q itself so Q(E[p])
and K are indeed disjoint from which it follows that E(K..)[p™]' = E(K)[p>] =
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{0} which implies that F (K, )[p>] = {0} since T is a pro-p group. So therefore we
have

#Tq =1 =#E(K)[p™] 9)

We now calculate the order of Tj,.. To do this, we need to calculate the order
of HY(Ty, B(Ks ,)[p™]) for any v € S. First let v { p i.e. v divides N. Since
we have assumed that all the primes dividing N to split in K/Q, therefore by [4]
theorem 2, v does not split completely in K, /K and so by [9] lemma 3.4 we have
HY Ty, E(Koow)[p™]) = P where ¢ indicates the largest power of p dividing
¢y. Now let v|p and denote the maximal divisible subgroup of E(K« ,)[p™] by
D. In this case we see from the proof of lemma 4.2 in Wuthrich’s paper that
we have #H (T, E(Ks)[p>®]) = #E(K,)[p>=]/#D". All together, the above 2
observations imply that

t- #Toe = [ [#EEK) ™) [[ P for some t € Z (10)
vlp vip
By condition (a) of the theorem and the work of Kolyvagin [21], we have that
II(E/K) is finite and since 7K(E/K) is a subgroup of HI(E/K)[p*], it follows
that JK(E/K) is finite as well. Therefore combining (8), (9) and (10), we see from
the proof of corollary 6.2 in Wuthrich’s paper that for some ¢ € Z we have

t- 4T - f1(0) = #Torsz, (D) - [[ ) - #Kpe (B/K)  (modZ))  (11)
vip
where D is the cokernel of the localization map (induced by the maps i,) from
E(K) ® Zy to the p-adic completion of [],, E(K,)

As we explained above, to prove the theorem we only need to show that f5(0) is
a p-adic unit. This will follow if we can show that the right-hand side of the above
equivalence (11) is a p-adic unit.

From condition (b) and since we have assumed that p is odd and
Gal(Q(E[p])/Q) = GLy(F,), therefore by the work of Kolyvagin [21]
I(E/K)[p>] = {0}. So we have iK,~(E/K) = {0} as well since /K, (E/K)
is a subgroup of II(E/K)[p>]. Also condition (d) gives [],, cv ¢? =1 and so the
right-hand side of the equivalence (11) is #Torsz, (D). So we see that the theorem
follows from the following proposition. O

Proposition 4.2. If D is the cokernel of the localization map (induced from the
maps i) from E(K) ® Zy to the p-adic completion of [[,, E(K,), then under
conditions (a), (c) and (e) of theorem 4.1 # Torsz, (D) = 1.
Proof. If M is an abelian group we write M™* = &lnM /p"M for its p-adic com-
pletion (p is the prime in the proposition). Also will denote NM,i,,'(E1(Ky)) by
Ey(K).

Let ¢, : E(K)* — [],, E(Ky)" be the map in the proposition. We need
to prove that Torsz, (coker(v,)) = {0}. We proceed as in [8] lemma 9. Since
I1,, E(Kv)/Er(Ky) is finite, therefore by [8] lemma 6 we have an exact sequence

0— [[ B — [] E(K, H K,)/Ei(K,))* — 0.

vlp vlp

w|p w
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E(K)/E\(K) injects into [[,, E(Ky)/E1(Ky) so is finite. Therefore, we also get
an exact sequence

0 — B (K)* — E(K)" — (B(K)/E1(K))" — 0.

Condition (c) of theorem 4.1 implies that [], (E(Ky)/E1(Ky))* is trivial. This
also in turn proves that (E(K)/E;(K))* is also trivial. So we see from the above
exact sequences that we have isomorphisms E1(K)* = E(K)" and [, E1(Ky)" =
[1,, E(Ky)*. Therefore we see that if ¢, : Ei(K)* — [],, E1(K,)" is the
map induced by 1, then to prove the proposition we only need to show that
Torsg,, (coker(v,)) = {0}.

Since p is odd and unramified in K/Q, therefore from [29] ch. 4 th. 6.4 we have
that for any v above p the map logg , : E1(K,) — pO, is an isomorphism (O, is
the ring of integers in K,). Composing this isomorphism with multiplication by
p~! we get an isomorphism E;(K,) =2 O,. Noting that O} = O,, this isomorphism
induces an isomorphism F;(K,)* = O,. Finally composing the map v, with this
last isomorphism, we get a map ¢, : E1(K)* — [],, O, and we will show that
Torsy,, (coker(¢,)) = {0}. Note that the map ¢, is a Z,-module homomorphism.
Let 6 : E(K) — E(K)* be the natural map. Then condition (e) of theorem 4.1
translates to: there exists P € E;(K) such that for some 7 we have m;(¢,(0(P))) is
a unit in O, (m; is the projection from [T, , O, onto its i-th component).

Now consider 2 cases. First assume that p splits in K/Q. Let v; and ve be the
primes of K above p. In this case we have amap ¢, : E1(K)* = Oy, X0, = ZpxZp.
Condition (e) of theorem 4.1 implies that m; o ¢, : E1(K)* — Z, is surjective for
i =1or i =2 Without loss of generality assume that it is surjective for ¢ = 1.
Let (a,b) € Z, x Z, such that (ra,rb) € img(¢p,) for some r € Z,\{0}. We must
show that (a,b) € img(¢,). Let Q € E1(K)* be such that ¢,(Q) = (ra,rb). Also
since m1(¢p) is surjective there exists P € E;(K)* such that ¢,(P) = (a,c) for
some ¢ € Z,. We now note that m o ¢, is injective. This follows from the work
of Kolyvagin [21] which shows that under condtion (a) of theorem 4.1 E(K) has
rank 1. This in turn also implies that E;(K) has rank 1 since E(K)/E1(K) is
finite. Then we have w1 (¢p(rP)) = rmi(¢(P)) = ra = m1(¢p(Q)) which implies
that 7P = @ since m; o ¢, is injective. Therefore (ra,rc) = (ra,rb) so b = ¢
showing that (a,b) € img(¢,) as desired.

Now consider the case when p is inert in K/Q. In this case we have a map
¢p : E1(K)* — O, where v is the prime of K above p. Note that O, is free of rank
2 over Z,. Condition (e) of theorem 4.1 implies that there exists a P € E(K)*
such that Q = ¢,(P) € OF. Then by [14] ch. 2 prop 2.4 there exists Q" € O,
such that @ and Q' form a basis for the free Z,-module O,. Since img(¢,) = Z,Q,
therefore we easily see from this that Torsz (coker(¢,)) = {0} as desired. This
completes the proof of the proposition. [l

The table below lists examples chosen to satisfy the conditions of theorem 4.1.
The columns of the table are as follows: E is an elliptic curve defined over Q
with the given Cremona labeling [13], D is a fundamental discriminant such that
K =+/D, p is a prime, (D/p) is the Legendre symbol which tells us whether our
unramified prime p splits in K/Q ((D/p) = 1) or is inert in K/Q ((D/p) = —1)
and the last column is the integer a, = p + 1 — E(F,). Since all the entries in
the table have p > 5, therefore the elliptic curves E in the table with a, = 0 are
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precisely the ones with supersingular reduction at p. In addition to satisfying the
conditions of theorem 4.1, the entries in the table were chosen such that (E,p)
satisfies (). All of the computations for the table were performed in SAGE [28].

E D » [0 ]q
11al | -7 13 -1 4
11al | -7 | 29 1 0
17al | -8 11 1 0
17al | -8 41 1 -6
43al | -7 17 -1 -3
43al | -7 | 37 1 0
53al | -11 | 19 -1 -5
H3al | -11 | 751 1 0
57al | -8 13 -1 2
57al | -8 17 1 -1
57al | -8 | 37 -1 0
58l | -7 11 1 -1
58l | -7 | 23 1 0
H8al | -23 | 13 1 3
58al | -23 | 139 1 0
75al | -11 | 17 -1 2

0

2

0

7hal | -11 | 79 -1
99al | -35 | 17 1
99al | -35 | 71 1
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