KOLYVAGIN’S WORK AND ANTICYCLOTOMIC TOWER
FIELDS: THE SUPERSINGULAR CASE

AHMED MATAR

ABSTRACT. Let E/Q be an elliptic curve, p a prime and K« /K the anticyc-
lotomic Zp-extension of a quadratic imaginary field K satisfying the Heegner
hypothesis. Kolyvagin has shown under certain assumptions that if the basic
Heegner point yix € E(K) is not divisible by p, then rank(E(K)) = 1 and
HI(E/K)[p>] = 0. Assuming that E has supersingular reduction at p and
other conditions, we show using Kolyvagin’s result and Iwasawa theory that
for all n we have rank(FE(K,)) = p™ and lII(E/K,)[p>] =0

1. INTRODUCTION

Let K be an imaginary quadratic field with discriminant dx # —3, —4 and p be
a prime. Let K., /K be the anticyclotomic Z,-extension of K, I' = Gal(K/K)
and K, the unique subfield of K, containing K such that Gal(K, /K) = Z/p"Z.
Denote I',, = I'?" and G,, = r/T,.

Let E an elliptic curve of conductor N defined over Q with a modular paramet-
rization 7 : Xo(N) — E which maps the cusp co of Xy(N) to the origin of E (see
[17] and [1]).

Assume that every prime dividing N splits in K/Q. It follows that we can choose
an ideal N such that O /N = Z/NZ. Therefore the natural projection of complex
tori:

C/Oxg - C/N!

is a cyclic N-isogeny, which corresponds to a point of x; € Xo(IN). The theory
of complex multiplication shows that x; is rational over K7, the Hilbert class field
of K. Let y1 = m(x1) € E(K1) and define the point yx = Trg, /k(y1) € E(K).
Kolyvagin’s celebrated paper [10] proves that when yx has infinite order, then
E(K) has rank 1 and the Tate-Shafarevich group II(E/K) is finite.

In this paper, we work with a particular prime p and therefore are interested in
the following weaker result of Kolyvagin (see [6] prop. 2.1 and [12] thm. 6.7)

Theorem 1.1 (Kolyvagin). Let p be an odd prime such that E[p] is an irreducible
Gal(Q(E[p])/Q)-module and such that yx ¢ pE(K), then E(K) ® Z, = Zp(yx ®
1) =2 Z, and II(E/K)[p>™] = {0}.

The main theorem of this article can be thought of as an extension of the above
result of Kolyvagin to the tower fields of the anticyclotomic Z,-extension of K.
Before stating the result let us list the hypotheses we will work under.

Let p be a prime. We shall say that (F,p) satisfies (x) if the following are met:

(i) p splits in K/Q
(ii) Both primes of K above p are totally ramified in K, /K
1
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(iii) p does not divide 6N - [, co
(iv) E has supersingular reduction at p

In the above, ¢, is the Tamagawa number of E at the prime v and the product
[T co Tuns over all rational primes dividing N. Conditions (i) and (ii) above
will be imposed in order to invoke the results of Iovita and Pollack [7]. Note that
condition (ii) is satisfied in p does not divide the class number of K.

For any n and m we let Sel,m (E/K,) denote the p™-Selmer group of E over K,
defined by

0 — Selym (E/K,) — H' (K, Elp™)) — [[H" (Knw, B)p™)-

We also define the p>-Selmer group of E over K, as Sel,~(E/K,) =
lim Sel,m (E/Ky).

m
Finally we define the p™-Selmer group and the p>-Selmer group of E over K,
as Sel,m (E/Ko) = ligSelpm(E/Kn) and Selye (E/Ko) = ligSelpoo(E/Kn).

Let A = Z,[[I']] be the Iwasawa algebra attached to K, /K. Fixing a topological
generator v € I' allows us to identify A with the power series ring Z,([T]].

For any discrete torsion abelian group A we let A9* = Hom(A, Q/Z) denote its
Pontryagin dual. The main result of this article is the following theorem

Theorem 1.2. Assume that (E,p) satisfies (x) and yx ¢ pE(K). Then we have
(i) rank(FE(K,)) = p™ for alln >0
(i) (E/K,)[p™] is trivial for n =0 and finite for alln > 0
If furthermore for some prime p of K over p we have yx ¢ pE(K,), then
(i) Sely= (E/Kw )% is a free A-module of rank two
(i) UI(E/K,)[p>*] =0 for alln > 0.

This theorem may be viewed as the supersingular analog of theorem 4.9 of [12]
which was proven in the ordinary case. Unlike the latter theorem, we impose the
strong condition that yx ¢ pE(K,) to get that III(E/K,)[p>] = 0 for all n. It is
unclear to the author whether III(E/K,,)[p>] = 0 for all n without imposing this
condition. This theorem will be proven in section 4.

2. SOME DEFINITIONS AND PRELIMINARY RESULTS

Beginning from this section till the end of the paper we assume that (E,p)
satisfies (x). We now introduce some notation and make some definitions. Let
®,(X) = SP7) X" be the p"-th cyclotomic polynomial and w,(X) = (X +
1)?" — 1. Also set

af= ] omx+1), @y = [] ®uX+1), @ =1
1€m<n 1€m<n
meven m odd

wi =X & and w,, = X -, . Note that w, = X - &, - @,
For any n > 0 we define

I A i e e N W 1[0
M= pr 2B pp— 141 if2fn
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qn is the degree of w; or w,, depending on whether n is even or odd, respectively.

Let p be a prime of K,, above p (note that since we are assuming that p splits
in K/Q and every prime of K above p is totally ramified in K, /K, it follows that
there are two primes of K, above p).

Following Kobayashi [9], we define the following subgroups of F(K, )

Et(Knyp) :={z € E(Knyp) | Trpjmi1(z) € E(Kpp) for evenm : 0 <m < n}
E™(Knyp) ={r € E(Kpnp) | Try/myi1(z) € E(Kpyp) for oddm: 0 <m < n}.

Following Kobayashi [9] and Iovita-Pollack [7], we define
K n,p» E [ ])
(Knp) ® Qp/Zyp

0 — Selt. (E/K,) — Sel< (E/K,) — H Ei

and Selyi (B/Koo) = lim Selyi (E/K,)

Note that the condition defining E*(K,) is vacuous giving E*(K,) = E(K,)
and hence Selffm (E/K) = Selp~ (E/K)

Finally, we define
(K., B[p™])
(Qp) ® Qp/Zy

0 — Sello (E/Ky) — Selpw (E/K,) — H A

Remark. Let E be the formal group of E/Q. Then E(Kn,p) is isomorphic to
Ey(Knyp) = ker(E(Knyp) — E(Fp)). We then define E+(K, ) = Ey(K,,) N
E*(K,,p). Since E has supersingular reduction at p, therefore E(F,)[p] = {0}. It
follows that we have an isomorphism E*(K, ) ® Qp/Z, = E*(K,,) ® Q,/Z,.
The plus/minus Selmer groups defined in [7] are defined as Selzjfm (E/K,) but with
E*(K,,) ®Q,/Z, replaced with E*(K,, ,) ® Q,/Z,. By what we just explained
it follows that Self00 (E/K,) is identical to the Selmer group defined in [7].

We fix a modular parametrization 7 : Xo(N) — E which maps the cusp oo
of Xo(N) to the origin of E (see [17] and [1]) We are assuming that every prime
dividing N splits in K/Q. It follows that we can choose an ideal N such that
Ok /N 2 Z/NZ. Let m be an integer that is relatively prime to N and let O,, =
Z + mOg be the order of conductor m in K. The ideal N, = N N O,, satisfies
Om /Ny =2 Z/NZ and therefore the natural projection of complex tori:

C/O,, — CIN;!

is a cyclic N-isogeny, which corresponds to a point of X (V). Let a[m] be its image
under the modular parametrization 7. From the theory of complex multiplication
we have that a[m] € E(K[m]) where K[m] is the ring class field of K of conductor
m.

We are assuming that all the primes of K above p are totally ramified in K. /K.
This implies that K /K and K[1]/K are linearly disjoint (K[1] is the Hilbert class
field of K). It follows from this that for any n > 1 that K[p"*1] is the ring class field
of minimal conductor that contains K,,. For any n > 0, we now define «,, € E(K,)
to be the trace from K[p"*!] to K, of a[p"*!].
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Under our assumption that p splits in K/Q, it follows from section 3.3 of [15]
that we have

Trre, /i (1) = (ap — (ap —2) 7 (p — 1)) (1)
Trg, .\ /K, (Qnt1) = apay — a1 forn >1 (2)

Since E has supersingular reduction at p and p > 5, a, = 0 so therefore we have

p—1
Trg, /x(a1) = 5 0 (3)
Trg, . /K, (Qnt1) = —ay1 forn >1 (4)
Recall that yx = Trg,  x(a[l]) (in the introduction a[l] was also denoted y)

and ap = Trgp) x (afp]). From the relations in [15] section 3.3, we see that ag =
(ap —2)yx = —2yx. From this we see that if p does not divide yx in F(K), then
also p does not divide ag in E(K).

Lemma 2.1. For any n > 0 we have w3, a0, = 0 and wy,, 1 a2p41 =0

Proof. From equation (4) above we have wy, ao, = (y—1)@3, aa, = (y—1)£ag = 0.
A similar proof using also equation (3) shows that wy, ;2,41 =0 O

We have the following important theorem

Theorem 2.2. For any n > 0, the natural map
st SelE (B/K,)“n =0 = Sel (B/ Koo )“n ="
is an tsomorphism.

Proof. Note that we have assumed that p splits in K/Q and K. /K is totally
ramified at any prime of K above p. These two assumptions allow us to use the
results of Tovita and Pollack [7].

By theorem 6.8 of [7] s is an injection with finite cokernel. The proof of this
result is based on the proof of [9] theorem 9.3. The proof reveals that the cokernel of
s will be trivial if for any prime v of K,, not dividing p the kernel of the restriction
map gn,v : H (Kp v, E)[p™] = ®uwjoH (Koo, E)[p™] is trivial and this is the case
since p was assumed not to divide ],y c» (see the remark following [5] lemma
3.3). O

We end this section with the following proposition that will be used to invoke
Kolyvagin’s theorem (theorem 1.1)

Proposition 2.3. E[p] is an irreducible Gal(Q(FE[p])/Q)-module

Proof. This is true since F has good supersingular reduction at p. See [8] prop 4.4
or [16] prop 12(c). O

3. STRUCTURE THEOREMS FOR SELMER GROUPS

Theorem 3.1. If yx ¢ pE(K), then both Selgoo(E/Koo) and Sel,« (E/K) are
cofree A-modules of rank one

Proof. Assume that yx ¢ pE(K). First consider the plus Selmer group. Let X be
the Pontryagin dual of Sel;l;o (E/Kw). It follows from [11] prop 4.7 that X is not
a torsion A-module.
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Now according to theorem 2.2 the map s§ : Selpe (E/K) — Selic(E/Kx)"
is an isomorphism. Taking proposition 2.3 into account, theorem 1.1 gives that
Selp (E/K) = Qp/Z,, therefore we see that X is a cyclic A-module i.e. X = A/
for some ideal I of A. But as X is not a torsion A-module, therefore I = 0 and X
is a free A-module of rank 1 as claimed. The proof for the minus Selmer group is
identical. O

Theorem 3.2. If for some prime p of K yx ¢ pE(K,), then Sel,(E/Ky) is a
cofree A-module of rank two

Proof. Tt is well-known that the analog of Mazur’s control theorem in the super-
singular case fails. We shall explain this and show that theorem 1.1 together with
the analysis of the cokernel of the restriction map between Selmer groups gives our
desired result.

Define S to be the set of primes of K dividing Np and S, to be the primes of
K, above those in S. Now define Kg to be the maximal extension of K unramified
outside S, Gg(K) = Gal(Ks/K) and Gg(Ks) = Gal(Kg/Ko).

It is well-known that the p*°-Selmer group Sel,(E/K) may be defined as

0 — Sely~ (E/K) — H'(Gs(K), Ep™]) — [[ H' (K., B)[p™]
vES
We may also define Sel,~(E/Ky,) as

0 — Sely (E/Ko) — H'(Gs(Kx), Ep™]) — [[ H'(KeowE)[p™]
VESso

Now consider the following commutative diagram
0 —— Sely (B/Koo)" —— H'(Gs(Koo), Ep™)" —5 (@ H' (Koo, B)p™))F
VES
1\3 Wh Wg
0 ——— Selp (B/K) ——— H'(G5(K), E[p™]) @ H' (Ko, E)[p™]

veES
(5)

Applying the snake lemma to the above diagram we get

0 — ker s — ker h — ker g Nimg 1 — coker s — coker h

By [7] lemma 2.1 we have E(K)[p>°] = {0} and so the map h is an isomorphism.
Therefore from the above exact sequence we get that s is an injection and that
coker s = ker g Nimg ).

We now analyze kerg. Let v be a prime of K that does not divide p and
consider the map g, : H* (K, E)[p™] = (DujpH" (Koo,w, E)[p™])" where the sum
is taken over all primes w of K., above v. It can be shown by Shapiro’s lemma
along with the inflation restriction sequence that ker g, = H'(T,, E) where T, is
the decomposition group of I" at a prime w of K, above v. It follows from [14]
proposition 1-3.8 that H!(T',, E) is finite of order P = perda(er) . But by our
assumption p 1 ¢, and so therefore ker g, = 0.
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Now let v € S5, above p. Then since E has supersingular reduction at p and
K /K is ramified at v, therefore it follows from [2] cor. 3.2 (see [5] pg. 70) that
we have H (Ko v, )[poo] = {0}.

The two observations above imply that kerg = H(K,,, E)[p™] x
HY(K,,,E)[p>] where py,p> are the two primes of K above p. Therefore
cokers = imgy N HY(K,,, E)[p™®] x HY(K,,, E)[p>]. Let ¢’ be the map ¢’ :
HY(Gs(K),E[p™]) » @ H'(K,,, E)[p>] so that coker s = img 1’

i=1,2

We will show below that cokers = imgv’ = Q,/Z,. Let us explain how this
implies the desired result. Since Sely,~(E/K) = Q,/Z, by Kolyvagin’s theorem
(theorem 1.1 taking prop 2.3 into account) and ker s = 0 therefore we get an exact
sequence

0 — Qp/Zy — Selp (E/ Koo)' — Qp/Z, — 0

Let X = Sel,=(E/Kx )%, Then taking the dual of the above sequence and
noting that Z, is a projective Z,-module we get Xr = Z, x Z,. This implies by
Nakayama’s lemma that X is generated by two elements as a A-module and so
X 2 A?/I for some A-submodule I of A%, If I # 0 then ranks(X) < 1. This
contradicts theorem 1.7 of [5]. Therefore I =0 and we get our desired result.

We study img )’ by using the Cassels-Poitou-Tate exact sequence (see [3]):

HY(Gs(K.), Blp®)) > @ H (K, E)p*] % 5,(B/K)™
1=1,2
where S,(E/K) = l'&lSelpn(E/K)

We want to show that ker® = imge’ = Q,/Z, or equivalently coker® = Z
where 0 is the dual of 0

0:5,(E/K) = @E(Km) ® Zp
i=1,2
where E(K,,) ® Z, is the p-adic completion of E(K,,).

By Mattuck’s theorem E(K,,) = Z, x T where T is a finite group. By [7] lemma
2.1 the order of T is not divisible by p. Therefore E(K,,) ® Z, = Z,. Also theorem
1.1 implies that S,(E/K) = E(K) ® Z, = Z,

Without loss of generality, we assume that yx is not divisible by p in E(K,,)
(it can be shown that this also implies that yx is not divisible by p in E(K,,), but
we won’t need this). This implies that the restriction map from S,(E/K) = Z, to
E(K,,) ® Z, = Zy is an isomorphism. So now we have a map 0:%Z, = Zy X 7Ly
such that if 7; is the projection of the target group onto its - th factor then my o 0
is an isomorphism. We want to show that coker 6 = Z,. Since 0 is not the zero
map, therefore to show this we only need to show that Torsz, (coker 0) = {0}.

Let (a,b) € Z, x Z, such that (ra,rb) € img 6 for some r € Zp\{0}. We must
show that (a,b) € img®. Let x € Z, be such that 6(z) = (ra,rb). Since m; o 6 is
surjective there exists y € Z, such that 0(y) = (a,c) for some ¢ € Z,. Then we
have 1 (8(ry)) = rm (8(y)) = ra = m (8(z)) which implies that ry = z since m; 0 6
is injective. Therefore (ra,rc) = (ra,rb) so b = ¢ showing that (a,b) € img0 as
desired. This completes the proof. (I
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4. PROOF OF MAIN THEOREM

Proposition 4.1. Let 0 < k < n and p be a prime of K,, above p. Let Hy be the
subgroup of E(K,,) generated by all the Galois conjugates of the Heegner point ay,.
Consider the following F,[G,]-modules

(i) Hi/pH
(it) (Hi + pE(Ky))/pE(Ky)
(ii) (Hx +pE(Kn,P))/pE(Kn,P)
Let € = + or — depending on whether k is even or odd, respectively and let &y, be
the image of wy, in F,[X]. We have
(a) If yx ¢ pE(K), then the groups (i) and (i) are cyclic F,[G,]-modules whose
annihilator ideal is generated by @y (y —1).
(b) If yx ¢ pE(K,), then each of the groups (i), (i) and (iii) is a cyclic Fp[Gy]-
module whose annihilator ideal is generated by i (y —1).

Proof. We will prove part (b). The proof of part (a) is almost identical. Assume
that yx ¢ pE(K,). Lemma 2.1 shows that @ annihilates each of the groups (i),
(ii) and (iii). Moreover, we have natural surjections

Hi/pHi — (Hi +pE(K)) /pE(Ky) — (Hi + pE(Ky ) /pE(Kn )

which proves the containment of the annihilators

Anng, () (Hi/pHi) C Anng (g, (Hk + pE(Ky))/pE(Ky)) € Anng, (g, ((Hr +
PE(Knp))/PE(Knp))

Therefore we only have to prove that Anng [, |((Hr +pE(Kynp))/PE(Kny)) =
(w5, (v — 1)). As explained above, we have the containment D.

Note that for any m > 1 we have X?" —1 = (X — 1)»" mod p. From this
it follows that @ = X%. Now F,[X]/(X?") is isomorphic to F,[G,] where the
isomorphism is induced by the map taking X to v — 1.

Now assume that Anng [, )((Hr + pE(Knyp))/PE(K,p)) is strictly larger than
(@5 (v —1)). As F,[G,,] is isomorphic to F,[X]/(X?") and F,[X] is a PID, we see
this implies that Anng (¢, |(Hr +PE(Knp))/PE(Knp)) = (v —1)*) where t < g.
Therefore (y—1)%~! annihilates ay+pE(K, ). But @ = X9 ~1. So from the trace
relations (3) and (4) we see that (y — 1)% ! (ay + pE(Kyp)) = cag + pE(Kp ) =
—2cyr + pE(K,, ) for some ¢ € F)'. So we see that yx € pE(K,p) ie. yx = pP
for some P € E(K, ;).

Then 0 = (v — D)yx = (v — 1)pP = p(y — 1)P. Since E(K,p)[p>]"
E(K,)[p>™] = {0} by [7] lemma 2.1, therefore E(K, ,)p>] = {0}. So (y—1)P =
ie. P e E(K,). So ykx € pE(K,) a contradiction.

Ooc |l

We now have the following important result

Theorem 4.2. If yx ¢ pE(K), then for any n > 0 the subgroup H(K,,) of E(K,)
generated by all the Galois conjugates of the Heegner points e, for m < n has rank
p'I'L

Proof. For n = 0 this is theorem 1.1, so assume that n > 1. Let ¢ be 4+ or —
depending on whether n is even or odd, respectively. Let H(K,)¢ be the subgroup
of H(K,,) generated by the Galois conjugates of a,, and H (K, ) ¢ be the subgroup
generated by the Galois conjugates of a,,_1.
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By [7] lemma 2.1 E(K,)[p>*] = {0} so rankz(H(K,)*) =
dimg, (H(K,)/pH(K,)) and by proposition 4.1(a)(i) we have
dimg,, (H(Kn)"/pH(Kn) ) = dimg, (Fp[Gn]/ (@], (v=1))) = dimg, (F,[X]/(0)) = degw;, = gn
So rankz(H(K},)¢) = ¢, and similarly rankz(H(K,) ™€) = qn-1
When n =1 it is easy to see from the trace relation on the Heegner points (3)
that rankz(H(K1)) = rankz(H(K1)€) and by the above the latter is equal to ¢ = p.
This proves the result for n = 1. Now assume that n > 1. Then by the trace relation
on the Heegner points (4) it is easy to see that H(K,) = H(K,)¢ + H(K,)"¢
Now let H,, be the subgroup of E(K,,)®Q,/Z, generated by H(K,,) and Hie be
the subgroup of E(K,,) ® Q,/Z, generated by H (K, ). Then we have H,, = HS +
H <. Also ranky(H(K,)) = corankz, (H,) and rankz(#(K,)*) = corankz, (H,“L—LE)
From the above we see that
rankz(H (K, )) = corankz, (Hp)
= corankz, (H, + H, )
= corankg, (H,,) + corankz, (H, ) — corankz, (H; N H_ )
= Qn + qn—1 — corankg, (H;, N H, )
=p" 4+ 1 — corankg, (H; N H, )
Therefore we see that to prove the theorem we need to show that corankz, (H;, N
H,¢)=1. We have Zay®Q,/Z, C HS N H,, © and oy has infinite order by Kolyva-
gin’s theorem. This implies that corank(HS N H,, ¢) > 1. Therefore we need to
show that corankz, (H;, N H;¢) < 1. To show this, note that the trace relation
(4) and lemma 2.1 imply that HS C Selfw (E/K,)“»=%. Since Sel'«(E/K,) N
Sel (E/K;,) = SelZI)OO (E/K,) by [7] lemma 7.4(3), therefore HS N H, ¢ C
Selzl,oo (E/Kn)‘*’:fzo. So it suffices to show that corankZP(Selzl,oo (E/Kn)‘*’fzo) <1
Now X is a greatest common divisor of w;(X) and w, (X) in Qp[X].
It follows that there exist polynomials A(X),B(X) € Z,[X] such that
AX)wiH(X) + B(X)w, (X) = p™X for some integer m. This shows
that Sellw (E/K,)*" =" C  Sellw(E/K,)P"0~D=0 (Sell.(E/K,)"" (~1=0
means the subgroup of Seléoo (E/K,) annihilated by p™(y — 1)).  There-
fore it suffices to show that corankz, (Selj(E/K,)P"0~D=0) < 1. As
P Selpe (B/K,)P"O07D=0 € Sel o (E/K,)" and Sel(E/K,)[p™ C
Selp (E/K,)[p™] is finite, corankz, (Seljo (E/K,)P"(7D=0) < 1 will follow
if we can show that corankg, (Sell(E/K,)T) < 1. The next lemma shows that
Sel}nx (E/K,)" is isomorphic to Selll,x (E/K). Since Seléoo(E/K) C Selp,=(E/K)
and corankz, (Sel,~(E/K)) = 1 by theorem 1.1 the result follows. O

Lemma 4.3. For any n > 0, the restriction map induces an isomorphism

Sel o (E/K) = Sel o (E/K,)T

Proof. Define S to be the set of primes of K dividing Np and S,, to be the primes of
K, above those in S. Now define Kg to be the maximal extension of K unramified
outside S, Gs(K) = Gal(Kg/K) and Gs(K,,) = Gal(Kg/K,,). Let p; and ps be the
primes of K, above p. We define P, (E/K,) = [[,_) o(H (Kyp,, E[p™])/(BE(Qp) ®
Qu/Zy)) and Pu(E/Kpn) = [L,es,\(p1,p} 2 ' (Knyw, E)[p™]. Similarly we define
Pp(E/K) and P, (E/K).
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We have a commutative diagram

0 —— Selbo (B/K,)" —— HY(Gs(K,), Blp®])"" —— Py(E/K,) ™ x Pu(E/K,)™

0 ——— Sell « (E/K) ——— HY(Gs(K), E[p™]) ———— P,(E/K) x P.(E/K)
(6)

Applying the snake lemma to the above diagram we get

0 — ker s — ker h — ker g Nimg 1 — coker s — coker h

By [7] lemma 2.1 we have E(K)[p>°] = {0} and so the map h is an isomorphism.
Therefore from the above exact sequence we get that s is an injection and that
coker s = ker g Nimgy. So to complete the proof of the lemma it will suffice to
show that ker g = 0.

Let v be a prime of K that does not divide p and consider the map g, :
HY(K,, E)[p™] = (DwjpH" (Knw, E)[p>])" where the sum is taken over all primes
w of K, above v. It can be shown by Shapiro’s lemma along with the inflation re-
striction sequence that ker g, = H'(T',, E) where Iy, is the decomposition group of
I at a prime w of K,, above v. It follows from [14] proposition 1-3.8 that H' (T, E)

is finite of order cS}’ ) = pOrde(co) - But by our assumption p { ¢, and so therefore

ker g, = 0.
We therefore see that to show that kerg = 0 we only need to show that the
restriction map

. Hl(K ,E[poo]) Hl(Kn, ,E[pOOD T,
w E(@P)p@) Qp/Zy - ( E(Qp) g@Qp/ZP )

is injective where p is a prime of K,, above p
To prove this, consider the following commutative diagram

HY(K,. ,,E[p>™ I
0 —— (B(Q)) © Q)" —— HY (K, Bp=])» —— (Hpllss Eo7))
[9@ [93 }“’
1 oo
0—— B(Qy) ® Qp/Zy —— H(K,, E[p™)) e T 0

(7)

Applying the snake lemma to the above diagram we see that to show ker g, = 0,

we only need to show that ker g, = 0 and coker g;, = 0. Now g, is an isomorphism

so coker g, = 0. As for ker g/ we have ker g = H'(Gal(K,, ,/Ky), E(Ky p)[p>]).

By [7] lemma 2.1 E(K, ,)[p>°|'" = E(K,)[p*>] = {0} so E(K, ,)[p>] = {0}. This
shows that ker g, = 0 which completes the proof.

O

Let j : SeI:oo(E/Kn) @ Sel o (E/Ky) — Selp<(E/K,) be the diagonal map
(z,y) »z—y
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Proposition 4.4. For any n > 0 we have an exact sequence
0 — K — Selt (E/K,)*» =0@Sel . (E/K,)*» =0 —Ls Sel,oe (E/K,,) — C — 0
where K = Sel;oc (E/Kn)“’f:0 and C is finite

Proof. This is essentially proposition 10.1 of Kobayashi’s paper [9]. Given P €
Selye (E/Ky)aiv Kobayashi finds Pt € Self.(E/K,) and P~ € Sel(E/K,)
such that j(P*, P~) = P. We only need to show that w;f P* = 0 and w;, P~ = 0.
For a suitably chosen @ € Sel,~(E/K,), A, B € Z,[X]| Kobayashi defines PT =
A(y—1)@;Q and P~ = B(y — 1)w; Q. Since wf@, =" —1land (47" —1)Q =0
therefore we see that w,” Pt = 0. Similarly one shows that w, P~ = 0. O

Theorem 4.5. If yx ¢ pE(K), then for any n > 0 rank(E(K,)) = p" and
HUI(E/K,)[p™] is finite

Proof. By  theorem 3.1  together  with  theorem 2.2, we  have
coranky, (Selt (E/ K, )“n =0@Sel . (E/K,)*» =) = corankz, (A/w; A®A/w;, A) =
degwt +degw, =qn+qn_1 =p" +1

The exact sequence in the previous proposition together with this shows that
corankz, (Sel,~(E/K,)) = p" + 1 — (301"3mep(Sel;,oc (E/Kn)‘“f:o). But E(K) ®
Q,/Z, C Selzlj(x, (E/Kn)“*’f:0 and since F(K) has rank one by theorem 1.1, there-
fore we see that corankZP(SeI;oo (E/Kn)wfzo) > 1. So corankz, (Sel, (E/Ky)) <
p". Theorem 4.2 implies that rank(E(K,)) > p". But rank(E(K,)) =
corankz, (E(K,) ® Qp/Z,) < corankz, (Sely~(E/K,)). So we get rank(E(K,)) =
corankz, (Sel, (E/K,)) = p™. This last equality implies that III(E/K,)[p>] is
finite.

O

In our main theorem we need to show that III(E/K,)[p>] = 0 for all n > 0
when yx ¢ pE(K,) where p is some prime of K above p. The first step towards
proving this is the following

Proposition 4.6. If for some prime p of K above p yx ¢ pE(K,), then
MI(E/Kx)[p™] =0

Proof. It follows from [4] lemma 2.6.5 that coranks(E(Kw) ® Qp/Z,) > 2. We
have an exact sequence

0 — E(Ks)®Qp/Zy — Selpe (E/Ky) — II(E/K)[p™] — 0

Let X be the Pontryagin dual of III(FE/K.)[p™]. The above exact se-
quence together with the fact that coranky(F(K) @ Qp/Z,) > 2 and
coranky (Selyes (E/K o)) = 2 (theorem 3.2) implies that X is a torsion A-module.
But X injects into the Pontryagin dual of Selp~ (E/K) which is a free A-module
(theorem 3.2). It follows that X = 0 i.e. III(E/K)[p™] = 0 as desired. O

We also need the following

Proposition 4.7. If for some prime p of Ko above p yx ¢ pE(K,), then for any
n > 0 the localization map 8, : E(K,) ® F, = E(K, ) ®F, is an isomorphism
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Proof. For any n > 0 theorem 4.5 gives rank(E(K,,)) = p" so dimy, (E(K,)®F,) =
p". Also by Mattuck’s theorem E(K,,) = Z8" x T where T is a finite group. [7]
lemma 2.1 implies that the order of T is prime to p, therefore dimFP(E(Kmp) ®
F,) = p”. Thus to show that 6, , is an isomorphism it suffices to show that
dimp, (img 0, ) > p" which we now show.

Since yx is not divisible by p in E(K}) this implies that dimp, (img0p,,) > 1
which proves the result for n = 0. Now assume n > 1. Now let ¢ be + or —
depending on whether n is even or odd, respectively. Let H(K,)¢ be the subgroup
of E(K,) generated by the Galois conjugates of a,, and H(K,) ¢ be the sub-
group generated by the Galois conjugates of a,,—1. To simplify notation we denote
(H(Kn)% + pE(K,))/pE(K,) by H(K,)*¢ and in turn denote 0,, ,(H(K,)*¢) by
H(K, )T

By proposition 4.1(b)(iii) we have

dimg, (H(Kn,p)9) = dims, (F,[Gn]/ (@5, (v—1))) = dimp, (F,[X]/(@})) = degw;, =
and similarly dimg, (H(Knp) ™) = ¢n-1

Since q; = p the above implies that dimg,(img®0;,) > p as desired. So now
assume that n > 1. Then we have

dimp, (H(Kpp) + H(Kpp) ) = dimg, (H(K,,,)¢) + dimg, (H(Kn,p) ) — dimg, (F(
=qn+ qn-1 — dlm]Fp (H( ) ?TL( ) )
=p" + 1~ dimg, (H(Kpp)  VH(EKpp) )
From this we see that to show that dimp, (img0,,,) > p™ we only have to show
that dimp, (H(Knp) N H(K, )¢ <1
The trace relation (4) implies that

H(Knp)™ C (E(Kpnp)™ + pE(Knp))/PE(Kpp)
. Therefore we only have to show that
dimp,, (E(Knp)" +pE(Knp)) /PE(Knp) N (E(Knp)” +pE(Knp)) /PE(Knyp)) < 1

By a proof identical to [4] lemma 2.6.5 using the results of Iovita and Pollack [7]
we have

(E(Knp) +pE(Knp) /PE(Enp ) (E(Knp) " +pE(Knp))/pE(Knp) = (E(Qy)+pE(Ky

By Mattuck’s theorem E(Q)) = Z, x T where T is a finite group. [7] lemma 2.1
implies that the order of T is prime to p. It follows from this that

dimg, ((E(Qp) + pE(Kp,p))/PE(Knp)) <1

This completes the proof. ([

Theorem 4.8. If for some prime p of K above p yx ¢ pE(K,), then
HI(E/K,)[p>] =0 for alln >0

Proof. Let n > 0. By proposition 4.6 III(E/ K )[p] = 0 so we need to show that the
restriction map res,, : UI(E/K,,)[p] = (II(E/K)[p])'" is an injection. Consider
the following commutative diagram

Ky p) NH(K, )™ 9)

) /PE(Kn p)
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0—— (B(Ku) ®Fp)"" == Sely(B/Koo) " —— (LL(E/Ko0)[p)™

" ’
Wrcsn Trcsn W\Tesn

0——— B(K,) ®F, — " Sel,(E/K,) ——— II(E/K,)[p) ———0
(8)
By [7] lemma 2.1 E(K.)[p>™] = 0. This implies that that the restriction map
res), : Sel,(E/K,) — Sel,(E/Kx ) is an injection. Therefore applying the snake
lemma to the above diagram we see that to show that res,, is an injection we need
to show that

7o (B(Kux) ®Fp)rn Selp(E/KOO)F"
*res!(E(K,) ®@F,)  res,(Sel,(E/Ky,))

is an injection

Let z € (E(Kw) ® Fp)I" and assume that keo(x) = res,(s) for some s €
Sel,(E/K,). We must show that x € imgres]

We will also denote the prime of K., above p by p. Let ¢y, , : H (K, Elp]) —
HY (K, p, Elp]) and ¢oop @ HY (Koo, E[p]) — H'(Koop, E[p]) be the restriction
maps. Also let fy,p 1 E(Kpy) @ F, = HY(K, p, E[p]) and feop : B(Koop) @ Fp —
HY(Koop, E[p]) be the Kummer maps. By definition, if s € Sel,(E/K,) then
Gnp(s) €imgkyp and if s € Sel, (E/Ky) then dog p(s) € Img koo p

Now let res,, , : HY (K, p, E[p]) = H' (Koo p, E[p])'™ and res,, p : E(K, ,)@F, —
(E(Koop) @ F,)I be the local restriction maps. Also let 0,,, : E(K,) ® F, —
E(K,,)®F, and 8 : E(Ks) @ F), = E(K,p) ® Fp be the localization maps.
Both maps are isomorphisms by proposition 4.7.

Now we have

Fioo,p(Bo0,p (7)) = Poo p (Koo () = Poo,p(res,, (s)) = resn,p(dnp(s)) 9)
As mentioned above, we have &, ,(s) = knp(yp) for some y, € E(K, ) @ F,.
Therefore from (9) we get
Fioo,p(Ooc,p () = €8 p (P p(5)) = eS8 p(Kinp(Yp)) = Koo p(resn p(yp)) (10)
But 0, is an isomorphism so y, = 0, ,(y) for some y € E(K,) ® F,. So from
equation (10) we get
Foo,p(Oo0,p (7)) = Koo p(Tesn,p(Yp)) = Foop (teSn,p(Onp(¥))) = Koo ,p(Bcc.p (resy (1))
But Koo, and 0. p are both injections so the above equation gives z = res! (y).
This proves the theorem. (I

Our main theorem is now proven

Theorem 4.9. Assume that (E,p) satisfies (x) and yx ¢ pE(K). Then we have
(i) rank(FE(K,)) = p™ for alln >0
(i) UI(E/K,)[p>] is trivial for n =0 and finite for alln >0
If furthermore for some prime p of K over p we have yx ¢ pE(K,), then
(i) Sely= (E/Ko)?? is a free A-module of rank two
(i) II(E/K,)[p>] =0 for all n > 0.

Proof. This follows from theorems 1.1, 3.2, 4.5 and 4.8. g
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